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THEORIES OF LEARNING IN GAMES AND HETEROGENEITY BIAS

BY NATHANIEL T. WILCOX1

Comparisons of learning models in repeated games have been a central preoccu-
pation of experimental and behavioral economics over the last decade. Much of this
work begins with pooled estimation of the model(s) under scrutiny. I show that in the
presence of parameter heterogeneity, pooled estimation can produce a severe bias that
tends to unduly favor reinforcement learning relative to belief learning. This occurs
when comparisons are based on goodness of fit and when comparisons are based on the
relative importance of the two kinds of learning in hybrid structural models. Even mis-
specified random parameter estimators can greatly reduce the bias relative to pooled
estimation.

KEYWORDS: Learning in games, nonlinear dynamic models, panel data, heterogene-
ity, biased estimation, experimental design.

1. INTRODUCTION

LEARNING IN GAMES is of interest to many theorists, and two varieties of learn-
ing have received the most scrutiny in experiments. In belief learning models,
players form beliefs on the basis of opponents’ past decisions and tend to play
strategies today that have relatively high expected payoffs given those beliefs.
In reinforcement learning models, players tend to play strategies that have paid
off relatively well in the past. Both models can be combined in flexible hybrid
models. With few exceptions, empirical comparisons between learning princi-
ples begin with pooled estimation: That is, a single shared vector of learning
model parameters is assumed for all subjects in a sample. I show that if subjects
are in fact heterogeneous, this assumption tends to bias empirical comparisons
of these theories in favor of reinforcement learning models.

The intuition behind this is simple. Suppose, for example, that all players are
belief learners, but that they still learn and choose somewhat differently from
one another, due to differences in their sensitivity to expected payoff differ-
ences, rates of discounting past experience, and so forth. Pooled estimation of
the (otherwise) correctly specified belief learning model will yield prediction
errors that are correlated with past strategy choices of players, because those
past choices carry idiosyncratic parameter information for which the estima-
tion does not account. Therefore, adding players’ own past strategy choices—

1Warm thanks to Lisa Rutström for stimulating collaborations that led to this paper; to
Christopher Murray for help with econometric literature; to Dmytro Hryshko for computa-
tional insights; and to Antonio Cabrales and Ed Hopkins for comments on formal arguments.
Comments and/or help from Emek Basker, Colin Camerer, Gary Charness, David Cooper,
Mahmoud El-Gamal, Nick Feltovich, Dan Friedman, Shelby Gerking, Glenn Harrison, Teck-Hua
Ho, Kyung-So Im, Charles Manski, Hervé Moulin, Xiaoguang Ni, Thomas Palfrey, Timothy
Salmon, David Shanks, Roger Sherman, Charles Shimp, Robin Sickles, Robert Slonim, Kenneth
Train, Roberto Weber, three referees, and many conference and seminar participants are also
happily acknowledged. Any remaining errors are solely my responsibility.
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or an informative function of those choices—to the pooled estimation of the
belief model should improve its fit if players are heterogeneous. However, this
is, in large part, just what reinforcement models do: Because players’ past pay-
offs are a function of players’ own past strategy choices, models based on the
reinforcement principle are by definition directly conditioned on a function of
players’ own lagged choices.

As a result, heterogeneity alone gives pooled estimations of reinforcement
learning models (and hybrid models) an automatic fit advantage over pooled
estimations of belief learning models (if the model of beliefs is free of players’
own lagged strategy choices, which is true of most such models). Heterogene-
ity also frequently causes pooled estimation of hybrid models to overstate the
relative structural importance of reinforcement principles. Monte Carlo stud-
ies show that this bias can be dramatic and overwhelming. Heterogeneity of
one particular parameter of learning models (known as “sensitivity” or “preci-
sion”) is the strongest source of the bias. Random parameter estimators are a
promising (if imperfect) approach to the problem.

2. THE MODELS AND THE ECONOMETRIC PROBLEM

Camerer and Ho’s (1999) experience-weighted attraction (EWA) model is
a hybrid model that encompasses several belief and reinforcement models as
special cases,2 so I use it as the basis for this study.3 I present it in an unusual
form (and just for row players in a 2 × 2 game) that helps illuminate the cause
of the bias. Row players choose a strategy r ∈ {1�0} (up or down); similarly, col-
umn players choose c ∈ {1�0} (left or right). Let π[r� c] be row players’ payoffs,
and let rt and ct be strategy choices of players in period t. In this two-strategy
case, EWA may be expressed in terms of a single variable zt that summarizes
how the history of play through period t determines the relative attractiveness
of a row player’s two strategies, determining the probability Pt+1 that rt+1 = 1:

Pt+1 = Λ[λzt(δ)] = [
1 + exp[−λzt(δ)]

]−1
�(1)

where zt(δ)= ICt + Ft + δCt ∀ t > 0;
ICt = φt(N0/Nt)z0 ∀ t > 0;

Ft = N−1
t

t∑

j=1

φt−j[rjπ(1� cj)− (1 − rj)π(0� cj)] ∀ t > 0;

2See Camerer and Ho (1999) for a discussion of the behaviorist and game-theoretic roots
of EWA. Cheung and Friedman (1997) and Fudenberg and Levine (1998) give good discussions of
belief-based models, while Erev and Roth (1998) is the best-known contemporary description of
the roots of reinforcement learning models.
3In particular, I use EWA not because it is an especially wanting model nor because its economet-
ric treatment has been particularly lax. In fact, EWA is a quite creative synthesis with potentially
great empirical usefulness, and Camerer, Ho, and their collaborators have been tirelessly cautious
as far as its empirical treatment is concerned.



THEORIES OF LEARNING IN GAMES 1273

Ct =N−1
t

t∑

j=1

φt−j[(1 − rj)π(1� cj)− rjπ(0� cj)] ∀ t > 0;

Nt = (1 − κ)φNt−1 + 1 ∀ t > 0 and N0 = η[1 − (1 − κ)φ]−1	

The parameters of EWA are z0 ∈ ��λ ∈ �+, and δ�φ�κ, and η all in [0�1].4
Assume η < 1, φ < 1, 0 < λ < ∞, and a nontrivial game for all players5—all
necessary for asymptotic consistency to hold without heterogeneity (Cabrales
and Garcia-Fontes (2000), Ichimura and Bracht (2001)).

Camerer and Ho (1999, p. 836) note that δ is “	 	 	most important in EWA
because it shows most clearly the different ways in which EWA, reinforcement
and belief models capture two basic principles of learning—the law of actual
effect and the law of simulated effect.” In Equations (1), Ft is “factual rein-
forcement” (of r = 1 relative to r = 0)—a discounted average difference be-
tween past payoffs to r = 1 and r = 0; Ct is “counterfactual reinforcement” (of
r = 1 relative to r = 0)—what Ft would have been with exactly the opposite
history of rt ; and ICt is the period t impact of initial conditions. When δ = 0,
only Ft determines zt : Only the “law of actual effect” operates, which is the
hallmark of pure reinforcement learning. If instead δ = 1�Ft and Ct equally
determine zt and the “law of simulated effect” operates as strongly as the law
of actual effect. Camerer, Ho, and Chong (2002) show that when δ = 1 and
κ = 0, EWA is the weighted fictitious play (WFP) model of Fudenberg and
Levine (1998), a well-known belief learning model. They also show that when
δ = 0 and η = 1, EWA is a generalized reinforcement learning (GRL) model:
When κ = 1, it resembles the cumulative reinforcement model of Erev and
Roth (1998), and when κ = 0, it resembles the averaged reinforcement model
of Mookerjee and Sopher (1997). Thus, EWA nests a variety of learning princi-
ples (and hybrids of them) within one parametric model, with the parameter δ
largely responsible for the balance between them.

Learning model parameters may vary across players, but comparisons of
EWA, WFP, and GRL models usually ignore this, and specify a single, shared
parameter vector for estimation and figuring goodness of fit. Some papers al-
low individual or class variation of parameters, but other finite-sample biases
are likely to influence these estimates.6 However, pooled estimation of models

4Camerer, Ho, and Chong (2002) specify N0 ∈ [0� [1 − (1 − κ)φ]−1] as a structural parameter.
This is equivalent to specifying η ∈ [0�1] as a parameter and writing N0 = η[1 − (1 − κ)φ]−1 as
I do here. In my experience, optimization subject to the simple linear constraint η ∈ [0�1] was
more robust (in terms of frequency of convergence problems).
5This last assumption is that every player’s payoff function depends on choices made by at least
one other player. As Cabrales and Garcia-Fontes (2000) note, δ = 1 would then cause identifica-
tion problems. However, this assumption is true of all experimental games of which I am aware.
6Cheung and Friedman (1997), Camerer, Ho, and Wang (1999), and Broseta (2000) estimate
various models for individual subjects. However, some Monte Carlo evidence (Cabrales and
Garcia-Fontes (2000), Wilcox (2005)) suggests that individual estimation can suffer from strong
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with lagged dependent variables can be biased and inconsistent in panel data
with heterogeneity (Hsiao (1986), Heckman (1991)). Although several solu-
tions to this problem exist for linear models (Anderson and Hsiao (1982), Ahn
and Schmidt (1995)), no wholly general, distribution-free solution exists for
nonlinear models like EWA (Wooldridge (2005)) and biases can be particu-
larly severe in them (Heckman (1981)).7

Monte Carlo studies below will suggest that heterogeneity of λ is a most
serious source of downward bias in estimation of δ.8 Focusing on this cause of
the bias, consider a simplified estimation situation in which φ, κ, η, and z0 are
all known and constant across players i. Suppose δ too is known to be constant
across players, but has unknown true value δ0 that we wish to estimate, and
that although it is not known whether λi varies across players i, it has a known
true mean value λ0 across players. If it were true that λi = λ0 ∀ i, it would be
correct to write terms of a pooled log likelihood function and its derivative with
respect to δ as


it+1(δ)= rit+1 ln
[
Λ[λ0z

i
t(δ)]

] + (1 − rit+1) ln
[
1 −Λ[λ0z

i
t(δ)]

]
(2)

and

∂
it+1/∂δ = λ0

[
rit+1 −Λ[λ0z

i
t(δ)]

]
Ci

t 	(3)

Given M row players playing for T periods, the maximum likelihood estimator
(MLE) δ̂ of δ0 would then solve

m(δ̂) = [M(T − 1)]−1
∑

i�T>t>0

[
rit+1 −Λ[λ0z

i
t(δ̂)]

]
Ci

t = 0(4)

(≤0 or ≥0 if δ̂ = 0 or 1, respectively).

finite-sample biases too. Studies of individual learning (rather than game learning) exist where
finite-sample biases are less likely: Kitzis, Kelley, Berg, Massaro, and Friedman (1998) estimate
five different learning models on an individual basis with 480 observations per subject, finding
that subject-by-subject fits are much better than pooled fits and that variance due to subject het-
erogeneity dwarfs that due to treatment variations. Rutström and Wilcox (2005) have estimated
both the EWA model and an extended version of Cheung and Friedman’s gamma-weighted be-
lief model using the “mixed random estimator” recommended later in this paper and find that
heterogeneity is highly significant in their game.
7Even in dynamic linear models, dealing with heterogeneity beyond additive random effects is
subtle (Pesaran, Smith, and Im (1996)). Distribution-free transformation solutions exist for cer-
tain classes of nonlinear models where heterogeneity affects dependent variables in special ways
(Wooldridge (1997)), but EWA does not fall into this class.
8Heterogeneity of λ is essentially subject-specific heteroscedasticity conditional on given zt . This
is known to be an inferential nuisance in other discrete choice situations where lagged dependent
variables are not an issue (Ballinger and Wilcox (1997)), but the resulting problems are qualita-
tively different and more severe here.
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Consider the case of a repeated game experiment where play converges to a
mixed steady state different from any mixed-strategy Nash equilibrium for both
players. This is roughly observed in many experiments on games with unique
mixed-strategy Nash equilibria (Erev and Roth (1998)).9 Also assume that the
experiment uses two large populations of row and column players, with players
randomly rematched to new partners in every period t. This idealized design
is purposely mimicked by many experimental designs for theoretical reasons10

and is also econometrically convenient.11 Let r̃ i, F̃ i, and C̃i denote uncondi-
tional (in the time series sense) steady-state random variables that correspond
to the conditional random variables rit , F

i
t , and Ci

t ; note that their distribu-
tions depend on each player’s true λi. Also let z̃i(δ) = F̃ i + δC̃i (with φ < 1,
ICt vanishes asymptotically). Cabrales and Garcia-Fontes (2000) show that in
the single-player case (and by extension the case where λi = λ0 ∀ i) the MLE
δ̂ is consistent as T → ∞.12 Part of their proof involves showing that rt and ct

9This is part of the empirical inspiration for stochastic choice generalizations of Nash equilibrium
that accommodate both descriptive successes and failures of Nash equilibrium (Goeree and Holt
(2001)).
10The specific “adaptive EWA” specification above (and its special cases) assumes that subjects
learn about stage game strategies and do not consider dynamic strategies. For this reason, many
experimental designs that test such models either randomly rematch a large number of row and
column players at the outset of each period or arrange a matching protocol whereby each pair of
row and column players meets only once during play (T <M in such designs) to undermine the
appeal of dynamic strategies. Even in those designs, cooperative norms may emerge for certain
kinds of games (Kandori (1992)), but Duffy and Ochs (2003) find no evidence of this in large
enough random rematching designs using the prisoner’s dilemma (“large enough” turns out to be
surprisingly small too).
11In particular, it allows one to treat rt as statistically independent across row players and to treat
successive values of ct as statistically independent of a row player’s own history of choices (vastly
simplifying econometric analysis). By contrast, fixed pairing designs imply that a row player’s own
past strategy choices “return” to her in the lagged choices of her partner. Even in a belief-based
model, this implies that row’s belief model is indirectly conditioned on her own lagged choices
and, hence, on traces of her own idiosyncratic parameter information. That information is, how-
ever, noisier than in a reinforcement model. This is because idiosyncratic parameter information
passes through only one randomization (the row player’s own choice) before returning as a direct
conditioning variable in the row player’s own reinforcement history; by contrast, such informa-
tion content is randomized twice (first by the row player’s own choice, and then subsequently
by the partner’s choice conditioned on it) before it enters into the row player’s belief process in
a belief model. As a result, even in a fixed pairing design, pooled estimations of belief models
“benefit” (in terms of fit) much less than reinforcement models do from idiosyncratic parameter
information contained in conditioning variables. In large random rematching designs, however,
belief learning models get no such benefit at all, whereas reinforcement learning models continue
to benefit.
12Cabrales and Garcia-Fontes (2000) also note the potential for bias from heterogeneity and
conduct limited Monte Carlo studies of the consequences of heterogeneity in φ. However, they
do not explain the likely direction of the bias, its central importance in comparisons of learning
principles, or how the bias also plagues goodness-of-fit comparisons between learning principles.
These points are the unique contribution of this paper.
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are mixing sequences, and that functions of them in (4) are sufficiently well
behaved for consistency to hold. This implies that the conditional moments
that make up (4) converge to their unconditional steady-state expectations if
λi = λ0 ∀ i. Temporarily suppressing player superscripts to consider this case,
suppose that δ0 ∈ (0�1) so that (4) converges to an equality. Then δ̂ converges
to δ0, and m(δ̂) converges to

m(δ0)=E
[(
r̃ −Λ[λ0z̃(δ0)]

)
C̃

]
(5)

= [
E(r̃)−E

(
Λ[λ0z̃(δ0)]

)]
E(C̃)+WC(δ0) = 0�

where WC(δ)= Cov
(
r̃ −Λ[λ0z̃(δ)]� C̃

)
	

The source of the bias is an extra term that appears in an analogous expres-
sion when λi varies over players. Restoring superscripts and attending to all
sources of variance, the analogue of (5) with heterogeneity of λi becomes a
question, rather than an equality:

m(δ0)= {
Eλ[Ei(r̃i)] −Eλ

[
Ei

(
Λ[λ0z̃

i(δ0)]
)]}

Eλ[Ei(C̃i)](6)

+Eλ[W i
C(δ0)] +BC(δ0)

?=0�

where W i
C(δ)= Covi

[
r̃ i −Λ[λ0z̃

i(δ)]� C̃i
]
�

BC(δ)= Covλ
{[
Ei(r̃i)−Ei

(
Λ[λ0z̃

i(δ)])]�Ei(C̃i)
}
	

In (6), Ei and Covi are expectation and covariance with respect to the un-
conditional steady-state distributions of F̃ i, C̃i, and z̃i(δ) given λi, whereas
Eλ and Covλ are expectation and covariance with respect to the distribution
of λi. The systematic, signable troublemaker in (6) is the new final term BC(δ0).
This is the between-players (that is, across players with idiosyncratic λi) steady-
state covariance of Ei(r̃i)−Ei(Λ[λ0z̃

i(δ)]) (expected pooled model prediction
errors given λi) and Ei[C̃i] (expected counterfactual reinforcement given λi).13

The first argument in the Appendix shows that BC(δ) is negative for all δ in
steady states of the kind discussed here. Hence, satisfaction of the asymptotic
pooled model first-order condition (6) has to do battle with a heterogeneity-
induced term whose asymptotic expectation is negative regardless of the choice
of δ̂ or its true value. This creates the potential for an asymptotic downward bias
of δ̂.

13This is the estimation counterpart of my introductory argument about bias in goodness of fit,
that is, that pooled model prediction errors would be correlated with an informative function
of lagged choices in the presence of heterogeneity, and that this would give reinforcement and
hybrid models an automatic goodness-of-fit advantage.
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However, the sum of the first and second terms in (6) is not necessarily
zero, even though their analogues in (5) are zero. In (5), the first term is
zero, because E(r̃) ≡ E(Λ[λ0z̃(δ0)]), so that the last term in (5) is zero as well
(this sensible condition is that prediction errors are orthogonal to the regres-
sor C̃). However, Ei(r̃i) ≡ Ei(Λ[λiz̃i(δ0)]) is nonlinear in λi and not equal to
Ei(Λ[λ0z̃

i(δ0)]) unless λi = λ0, so these conclusions fail in (6). Moreover, ex-
act signs for the first two terms in (6) are elusive, but when δ and λ are es-
timated together (as they must be in practice) using pooled estimation, the
second argument in the Appendix shows that when δ0 = 1, these terms ap-
proach zero as the variances of F̃ i and C̃i (and hence z̃i(δ) for all δ) approach
zero. This is not true of BC(δ), which is bounded away from zero whenever
λi has positive variance across subjects and Eλ(Ei[z̃i(δ)]) > 0. Therefore, when
δ0 = 1�BC(δ) will dominate and make the sign of (6) negative if the steady-
state variances of F̃ i and C̃i are small enough relative to the between-players
variance of λi, implying that the probability limit of δ̂ will be less than 1 when
δ0 = 1. Put differently, if cross-sectional heterogeneity is large enough relative
to expected steady-state within-player variances of reinforcement and its com-
ponents, pooled estimation of the EWA model must asymptotically reject the
WFP model when it is the true model.

Although this argument does not prove that the bias is always negative, it
may play a role in explaining two things. First, Camerer, Ho, and Chong (2002,
p. 9) note that “values of [δ̂] tend to be between 0.5 and 1 in most studies
except those in which games have only mixed-strategy equilibria, where [δ̂] is
close to zero.” The foregoing argument suggests one reason for this previously
puzzling feature of pooled EWA estimations: Monte Carlo evidence presented
subsequently shows that downward heterogeneity bias in δ̂, as well as fit com-
parisons biased in favor of GRL models relative to the WFP model, can be
overwhelming in such games. Second, it also suggests that the disappointing
variability of δ̂ across games and studies (evident in Camerer, Ho, and Chong
(2002)) may in part be a statistical artefact caused by pooling, heterogene-
ity, and subtle structural differences between seemingly similar games. Monte
Carlo evidence presented subsequently will illustrate this, too, in a collection
of stag hunt games.

3. MONTE CARLO STUDIES OF POOLED ESTIMATION

Consider the asymmetric matching pennies game shown in Figure 1. As-
sume an experimental design in which M = 40 subject pairs (40 row players and
40 column players) play this game for T = 36 consecutive periods. Also assume
the common experimental design in which each row player meets each column
player in at most one period of play. Finally, assume that the data-generating
process for all players is the EWA model. In what follows, a “simulation” refers
to 100 computer-generated samples with these properties.
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FIGURE 1.—Asymmetric matching pennies game.

Within each simulation, δ is constant across players and player types (as in
the previous section, there is no heterogeneity of δ itself). However, δ varies
between simulations, taking one value δ ∈ {1�0	75�0	50�0	25�0} in each simu-
lation. Moreover, row and column players in all simulations will have the same
values (or equivalent distributions of values) of the EWA model parameters
φ, κ, and η, but different values (or distributions of values) of λ and z0 (de-
noted λr , λc , zr0, and zc0) because these parameters arguably vary with the
payoff functions of each player type.

The EWA parameters φ, κ, η, λr , λc , zr0, and zc0 are created in three ways,
which are summarized in Table I. First, there are high heterogeneity (HIGH)
simulations where every player has an idiosyncratic parameter vector drawn
from a common distribution just prior to the first period of simulated play. The
top half of Table I shows the distributions used and the resulting mean, stan-

TABLE I

DISTRIBUTIONAL ASSUMPTIONS FOR MONTE CARLO SIMULATIONS

Moments of Assumed Distributions

Mean (and Coefficient
Value in NONE Std. of

Parameter Distribution Parameters of Distribution Simulations) Dev. Variation

HIGH simulations
1−φ Beta(a�b) a = 1	178, b = 6	676 0	150 0	12 0	80
κ Beta(a�b) a = 1	30625, b = 11	75625 0	100 0	08 0	80
λr Gamma(a�b� c) a= 1, b= 0	08, c = 0	02 0	100 0	08 0	80
λc Gamma(a�b� c) a= 1, b= 1	52, c = 0	38 1	90 1	52 0	80
η Beta(a�b) a= 1, b = 1 (uniform) 0	50 0	289 0	577
zr0 N(µ�σ) µ= 15, σ = 12 15 12 0	80
zc0 N(µ�σ) µ = 0, σ = 0	60 0 0	60 —

LOW simulations
1−φ Beta(a�b) a = 5	1625, b = 29	254 0	150 0	06 0	40
κ Beta(a�b) a= 5	525, b = 49	725 0	100 0	04 0	40
λr Gamma(a�b� c) a= 4, b= 0	02, c = 0	02 0	100 0	04 0	40
λc Gamma(a�b� c) a= 4, b= 0	38, c = 0	38 1	90 0	76 0	40
η Beta(a�b) a= 5	5, b = 5	5 0	50 0	144 0	289
zr0 N(µ�σ) µ = 15, σ = 6 15 6 0	40
zc0 N(µ�σ) µ = 0, σ = 0	30 0 0	30 —

Notes: Beta(a�b), Gamma(a�b� c), and N(µ�σ) denote Beta, generalized Gamma, and Normal distributions
on [0�1], [c�∞], and [−∞�∞], respectively, with distribution parameters as given.
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dard deviation and coefficient of variation of each parameter in these HIGH
populations. The bottom half of Table I shows similar information for low het-
erogeneity (LOW) simulations. These distributions have the same means as in
HIGH simulations, but half as much heterogeneity (as measured by the coeffi-
cient of variation, where it exists). Finally, there are NONE simulations, where
parameters are constant across all players of each type and equal to the means
shown for the HIGH and LOW simulations. These control simulations have
no heterogeneity, so pooled estimators should perform relatively well in these
samples.

Is the heterogeneity in Table I characteristic of real subject populations?
As mentioned earlier, heterogeneity of λ is the main source of bias. Subse-
quently, I recommend a “mixed random estimator” that estimates the variance
of λ in the population using parametric distributional assumptions. Rutström
and Wilcox (2005) applied this estimator to data on the asymmetric matching
pennies game used here and found a coefficient of variation of λr that ranged
from 0.33 to 1.00 (depending on the model estimated and the experimental
treatment). I have also applied that estimator to Battalio, Samuelson, and
Van Huyck’s (2001) stag hunt game data and McKelvey, Palfrey, and Weber’s
(2000) asymmetric matching pennies game data: The estimated coefficient of
variation of λ in these studies ranges from 0.44 to 0.72 (depending on the
game), so the coefficient of variation of λr assumed in the LOW and HIGH
populations (0.40 and 0.80) lies within a range of prior estimates from several
data sets. The coefficient of variation and/or variance of most other parameters
is deliberately matched to that of λr to compare the degree of heterogeneity
bias caused by each parameter (to the extent this is possible).

Table II shows the results of pooled estimations of the EWA model in the
simulations. Results are shown for row players only (see footnote 16). In the
NONE simulations (the top five rows of Table II), the design and pooled esti-
mator can distinguish between δ = 1 and δ = 0 models fairly well. The pooled
MLE δ̂ correctly estimates δ across the 100 samples of each NONE simula-
tion, although there is a noticeable and understandable bias away from bounds
when the true δ is at a bound. When δ = 1, WFP fits better than GRL in all
100 samples; EWA fits significantly better than WFP in just 2 of 100 samples;
and the mean δ̂ is about 0.91.14 Mutatis mutandis, the same is true when δ = 0:
GRL fits better than WFP in 98 of 100 samples; EWA fits significantly better

14The last three columns of Table II show the number of samples (out of the 100 samples in each
simulation) in which one model fits better than another. The WFP and GRL models have the
same number of free parameters (four each), so these comparisons simply report the number
of samples in which the log likelihood of WFP exceeds that of GRL. However, WFP and GRL
both result from imposing two parameter restrictions on the EWA model. Therefore, EWA is
said to fit better than WFP or GRL in a sample only if the standard likelihood ratio test statistic
(distributed χ2 with df = 2) indicates that the these restrictions on EWA are significant at the
5% level.
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TABLE II

POOLED ESTIMATES OF ROW PLAYERS’ EWA PARAMETERS AND MODEL FIT COMPARISONS IN VARIOUS SIMULATIONS

Pooled Estimates of EWA Parameters—Mean, Median, and Standard Deviation of Estimates Across
100 Simulated Samples

Number of 100 Samples
where First Model

Outperforms Second (Log
Likelihood Comparison)

Heterogeneity
in Simulated
Samples

True δ in
Simulated
Population

δ

φ

(True Mean = 0	85)
κ

(True Mean = 0	10)
λr

(True Mean = 0	10)

WFP
Better
than
GRL

EWA
Better
than
WFP

EWA
Better
than
GRLMean Med. S.D. Mean Med. S.D. Mean Med. S.D. Mean Med. S.D.

NONE 1.00 0.91 1.00 0.13 0.85 0.84 0.04 0.20 0.09 0.28 0.10 0.11 0.04 100 2 99
0.75 0.79 0.82 0.17 0.86 0.86 0.04 0.17 0.06 0.26 0.11 0.11 0.04 98 8 96
0.50 0.56 0.57 0.22 0.85 0.85 0.04 0.23 0.10 0.32 0.10 0.09 0.04 74 27 76
0.25 0.28 0.30 0.20 0.85 0.85 0.04 0.16 0.06 0.25 0.11 0.11 0.04 25 69 31
0.00 0.08 0.02 0.12 0.84 0.84 0.04 0.23 0.10 0.31 0.10 0.10 0.04 2 95 12

LOW 1.00 0.58 0.58 0.25 0.86 0.87 0.04 0.29 0.18 0.31 0.09 0.08 0.05 66 34 68
0.75 0.44 0.42 0.25 0.87 0.87 0.04 0.20 0.10 0.24 0.10 0.11 0.04 54 52 55
0.50 0.24 0.22 0.20 0.89 0.89 0.04 0.19 0.07 0.25 0.11 0.11 0.05 23 76 40
0.25 0.13 0.06 0.17 0.87 0.87 0.04 0.18 0.08 0.27 0.11 0.11 0.05 7 92 21
0.00 0.02 0.00 0.06 0.87 0.87 0.05 0.18 0.10 0.23 0.10 0.10 0.04 0 99 13

HIGH 1.00 0.07 0.00 0.13 0.92 0.92 0.04 0.17 0.08 0.23 0.12 0.11 0.06 2 96 17
0.75 0.03 0.00 0.08 0.91 0.91 0.04 0.20 0.11 0.26 0.11 0.10 0.06 0 100 22
0.50 0.02 0.00 0.08 0.91 0.91 0.04 0.16 0.07 0.24 0.12 0.12 0.05 2 99 28
0.25 0.00 0.00 0.01 0.91 0.91 0.04 0.12 0.07 0.16 0.11 0.11 0.05 0 100 29
0.00 0.00 0.00 0.00 0.90 0.90 0.04 0.17 0.10 0.23 0.11 0.11 0.05 0 100 35

HIGH[φ] 1.00 0.72 0.71 0.24 0.89 0.89 0.04 0.25 0.14 0.27 0.10 0.09 0.05 84 33 86
HIGH[κ] 1.00 0.84 0.92 0.19 0.85 0.85 0.04 0.21 0.06 0.30 0.10 0.11 0.05 99 7 98
HIGH[η] 1.00 0.91 1.00 0.13 0.86 0.86 0.04 0.22 0.07 0.31 0.10 0.11 0.05 100 4 100
HIGH[λr ] 1.00 0.20 0.13 0.23 0.89 0.89 0.04 0.21 0.11 0.27 0.10 0.10 0.05 20 86 38
HIGH[z0] 1.00 0.83 0.86 0.19 0.84 0.86 0.03 0.25 0.11 0.32 0.10 0.10 0.05 96 8 94
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than GRL in just 12 of the 100 samples; and the mean δ̂ is about 0.08. Hence
the design used in the simulations does not suffer hugely from power problems
(Salmon (2001)), at least if one means the design to discriminate “pure” belief
learning and reinforcement learning models.15

Table II also shows that the mean κ̂ is upward-biased across all simulations
(regardless of their type or their true value of δ). Mean and median κ̂ are gen-
erally quite distinct, and the standard deviation of κ̂ across samples exceeds
that of other parameter estimates. That is, κ̂ is quite variable and, since the
true κ = 0	1 is near its lower bound, this is manifest in highly skewed distri-
butions of estimates and hence a substantial upward bias of mean estimates.
Although not shown in Table II, η̂ is also quite variable. The variability of
κ̂ and η̂ probably occurs because most useful sample information about them
is provided early in each subject’s time series: Nt reaches a constant value equal
to [1 − (1 − κ)φ]−1 and in practice this occurs rather quickly. It is only before
this that information directly useful to separately identifying κ and η is to be
had. For similar reasons, Ichimura and Bracht (2001) find that increased num-
bers of players (larger M) is generally much more helpful than longer time
series (larger T ) for estimating EWA with precision in nonheterogeneous sim-
ulations (see also Cabrales and Garcia-Fontes (2000)). Many researchers could
live with bias in κ̂ , though: Interest centers on δ and, in the NONE simulations,
the mean δ̂ is not misleading in any scientifically significant way.

Unfortunately, this is not true in simulations with heterogeneity. Table II
shows that in LOW simulations, δ̂ is dramatically downward-biased: For true
δ = 1�0	75�0	50, and 0.25, the corresponding mean δ̂ are 0.46, 0.33, 0.29,
and 0.05, respectively. In the HIGH simulations, the bias in δ̂ is simply shock-
ing: No mean estimate exceeds 0.07, regardless of the true value of δ, and
even in the δ = 1 simulation, δ̂ is zero in 77 of 100 samples.16 The bias also
plagues goodness-of-fit comparisons. To see this, consider the δ = 1 simula-
tions where WFP should fit much better than GRL. As noted earlier, this is
the case in all 100 of the NONE simulation samples with δ = 1. However, in
the LOW simulation with δ = 1, WFP fits better than GRL in 66 of 100 sam-
ples. In the HIGH simulations with δ = 1, the goodness-of-fit comparison has
been fully reversed: Here, WFP fits better than GRL in only 2 of 100 samples.
Additionally, the relative fit of EWA does not consistently hint at the truth: In
the HIGH simulation with δ = 1, EWA fits significantly better than GRL in
just 17 of 100 samples. In a highly heterogeneous population, for this game,

15In fact, Rutström and Wilcox (2001) arrived at this design under just this intention, using Monte
Carlo methods that resemble those used here to choose a game, and using M and T capable
of producing high power of simple two-sample nonparametric tests to detect a wholesale shift
between reinforcement and belief learning models.
16The bias in δ̂ is similar, though not quite as strong, for column players. For true values of
δ = 1�0	75�0	5�0	25, and 0, mean values of δ̂ are 0.29, 0.14, 0.04, 0.00, and 0.00, respectively, in
HIGH simulations.
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goodness-of-fit comparisons based on pooled estimators would almost always
lead us to conclude that GRL was a better model than WFP, even when the true
data-generating process (EWA with δ = 1 and mean κ = 0	1) is very similar to
the WFP model for every player in the population!

Heterogeneity of λr is the most serious source of bias, but variations in φ sig-
nificantly contribute to bias as well. The last five rows of Table II show pooled
estimation results in five new simulations, all with true δ = 1. Each of these
simulations draws a single parameter β ∈ {φ�κ�η�λ�z0} from its HIGH dis-
tribution for each player while all other parameters are fixed at their NONE
values shown in Table I. These simulations are denoted HIGH[β] in Table II.
Notice that little bias results from heterogeneity in either η or z0: These de-
termine initial conditions only and so are transitory sources of heterogeneity.
Only permanent sources of heterogeneity (variability in φ�κ, and λr) should
matter much in games that are repeated for many periods.17 Variability of κ
causes little bias in δ̂, but variability of φ causes a noticeable bias and variabil-
ity in λr is clearly the major source of bias.

Now consider nine stag hunt games of the form shown in Figure 2. This will
show that heterogeneity bias in δ̂ is found even in games with no stable in-
terior mixed-strategy Nash equilibrium, and reveals that the strength of the
bias varies quite substantially across seemingly similar games. If a player be-
lieves her opponent will play X with probability q, the difference between the
player’s payoff from playing X versus Y is r(q) = (45+π2 −π1)(q−q∗), where
q∗ = π2/(45 + π2 − π1) is the interior (unstable) mixed-strategy Nash equilib-
rium of the game. Battalio, Samuelson, and Van Huyck (2001) call r(q) the
optimization premium and call (45 + π2 − π1) the optimization premium para-
meter in these games. Methodologically, |r(q)| could be called the opportunity
cost of misbehavior or foregone expected income (Harrison (1989)) given be-
lief q.

Figure 3 shows nine versions of the game. Games in the same column have
the same optimization premium parameter (falling from left to right), while
games in the same row have the same q∗ (falling from top to bottom). The cen-
ter row contains Battalio, Samuelson, and Van Huyck’s (2001) three games.
Given any fixed q < 0	6, |r(q)| falls from top to bottom as well as from left to

FIGURE 2.—Stag hunt game form.

17However, massive heterogeneity of initial conditions could obviously have lasting effects, as in
Kitzis, Kelley, Berg, Massaro, and Friedman (1998).
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FIGURE 3.—Mean adjustment path and δ̂ in various stag hunt game simulations with δ= 1.

right: Put differently, optimization incentives for belief-based play are great-
est in the upper left game and smallest in the lower right game, given the
same belief q across games. Below each game, Figure 3 shows two things:
An adjustment path (P1–12�P13–24�P25–36), where Pt�t+11 are 12-period average
proportions of X choices across the one-hundred 36-period samples in each
simulation, and the mean δ̂ in each simulation (true δ = 1 in these simula-
tions).18 First, note the large differences in the strength of heterogeneity bias
across these games. This suggests that a part of the disappointing variability
of δ̂ across games and studies may also result from subtle structural differences
between seemingly similar games that mediate the magnitude of heterogeneity
bias. In the upper left game, where optimization incentives are greatest, the
bias is maximal: The mean δ̂ is 0.21. In the lower right game, where optimiza-

18Simulations are mostly identical to the HIGH simulations in Table I. However, the payoff range
here is roughly double that in the asymmetric matching pennies game, so the λ distribution is
given a mean of 0.05 rather than 0.10. Using McKelvey, Palfrey, and Weber’s (2000) data on
asymmetric matching pennies games where payoff ranges are varied systematically across treat-
ments, the “mixed random” estimator I will recommend later supports this rough inverse propor-
tionality of mean λ and payoff ranges within a given subject population. Additionally, the mean
value of z0 is set so that the expected probability of X in period 1 is 0.55—below the separatrix
for all nine games, so that play is expected to evolve toward the pure Nash equilibrium (Y�Y)
regardless of the size of λ.
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tion incentives are weakest, there is hardly any bias: The mean δ̂ is 0.87 (nearly
as close to the true δ = 1 as in NONE simulations of the asymmetric matching
pennies game). Notice that in this latter game the path is very flat, never dis-
tant from 0.6, and always near 0.5: Weak optimization incentives yield a very
slow adjustment path toward the risk-dominant pure Nash equilibrium (Y�Y),
and |zt | stays relatively small most of the time. As a result, lagged choices carry
relatively little useful information here about idiosyncratic λi, so heterogeneity
bias is weak.19 Experimentalists will quickly see the apparent design quandary:
Weak optimization incentives that keep choice probabilities relatively close to
indifference can minimize heterogeneity bias.20

The next section shows that even misspecified random parameters estima-
tors can greatly reduce heterogeneity bias, so this unpleasant choice between
weak incentives and biased estimation may not be necessary. First, though,
note that various robustness checks and approaches to certain forms of het-
erogeneity already appear in the literature on learning in games, and these
may mitigate the heterogeneity bias discussed here (although none was meant
to do this). For instance, Camerer and Ho (1999) examine out-of-sample fits
to guard against overfitting and also examine “latent class” mixture models
that capture discrete forms of heterogeneity. Cooper and Stockman (2002)
use first-order autoregressive specifications to allow for high-frequency persis-
tence not explicitly treated by learning models. Other econometric approaches
might help, too. A two-step approach to estimating δ should be asymptoti-
cally consistent (Wooldridge (2002)), and estimation on a subject-by-subject
basis avoids pooling and is also asymptotically consistent, but the length of
the time series required for such consistency to be of practical importance is
very long indeed, much longer than existing or even imaginable experiments
(Cabrales and Garcia-Fontes (2000)). Wilcox (2005) discusses all of these op-
tions at length and shows that none of them mitigates heterogeneity bias as
well as the random parameters approach described in the next section.

19Although the Appendix analyzes steady-state asymptotics rather than finite-sample estima-
tion along adjustment paths, (11) and (13) provide some intuition. When δ0 = 1, the size of
these derivatives with respect to λi is mostly governed by the size of the term Λ[λizi(δ0)](1 −
Λ[λizi(δ0)])zi(δ0). This term is maximized at λizi(δ0) ≈ 1	54 (probability of playing Y of
roughly 0.82), is zero when zi(δ0) equals 0 (probability of playing Y of 0.5), and is close to zero
when zi(δ0) is very large (probability of playing Y near 1). Thus, the between-player covari-
ance BC(δ0) is near zero when choice probabilities are mostly near indifference or, alternatively,
mostly close to certainty.
20This fact does not imply that symmetric matching pennies would be a good game choice. As
Ichimura and Bracht (2001) point out, choice probabilities that are not significantly different
from 0.5 create an identification problem, because λ = 0 will fit such data well and when λ = 0,
no other parameters of EWA are identified. As is well known (see, e.g., Goeree and Holt (2001)),
symmetric matching pennies happens to be a game where mixed-strategy Nash equilibrium pre-
dicts behavior well; therefore, this identification issue is crucial in that game. In the stag hunt
game, the distinct trend in behavior is poorly explained by λ = 0, so the identification issue does
not arise.
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4. A SOLUTION

As mentioned earlier, no general solution to this particular brand of hetero-
geneity bias is known that is wholly free of distributional assumptions about
unobserved heterogeneity (Wooldridge (2005)). Given prior knowledge of the
underlying distributional form that governs parameter heterogeneity, a ran-
dom parameters estimator based on that distributional form is asymptotically
consistent and permits valid asymptotic inferences given an appropriate exper-
imental design (Cabrales and Garcia-Fontes (2000)).21 However, finite sample
properties could be poor, and misspecified distributions in random parameter
estimators may also lead to serious biases (Heckman and Singer (1984)). Al-
most surely, distributional assumptions will be wrong and samples are certainly
finite. Therefore, we need to know whether misspecified random parameters
estimators perform well in finite samples that resemble practical experimental
designs.

To examine this, I compare the performance of three random parameters
estimators, all deliberately misspecified, on the five HIGH simulations of the
asymmetric matching pennies game. The first estimator, the “lognormal λ”
estimator, is based on the assumption that ln(λr) ∼ N(µλ�σλ) in the underly-
ing population while other parameters are constant.22 The second estimator
assumes that all EWA parameters are constant across players, but also as-
sumes that zt differs across players i due to a time-invariant random effect
α ∼ N(0�σα) so that zi

t = zt + αi for each player i—an ad hoc “random ef-
fects” estimator. The third estimator, which I call a “mixed random” estimator
blends these two estimators.23 These random parameter estimators are imple-
mented in the usual way: The EWA likelihood for each player is numerically
integrated with respect to the assumed distribution of ln(λr) or α (both for the
mixed random estimator).24 (The log of this is summed across players in each
sample, and this sum is maximized in δ, φ, κ, η, z0, and the parameters of the
distribution(s) assumed under each estimator.)

21When there is heterogeneity of parameters that determe initial conditions, such as η and z0,
there is of course still the “initial conditions” problem in small T samples, even when permanent
sources of heterogeneity are integrated out of the likelihood. Scattered Monte Carlo evidence
suggests, however, that T may not need to be too large for this to be negligible (e.g., Heckman
(1981)), and the HIGH[η] and HIGH[z0] reported in Table II suggest this for EWA.
22In applications, a generalized (three parameter) gamma distribution for λ is a good choice be-
cause this can take a wider variety of shapes (including near symmetric ones) than the lognormal
distribution (but Rutström and Wilcox (2005) found that this alternative specification made little
difference to estimates of δ). Because this is the distribution that generates λ in my simulations
and because I want to examine misspecified estimators, I do not use it here.
23The two distributions are assumed to be independent here. However, a bivariate normal distri-
bution could easily be used to relax this assumption.
24Numerical integration is by 14-node Gauss–Hermite quadratures for normal and lognormal
distributions; spot checks of these estimations using 20-node quadratures reveal no noticeable
differences in parameter estimates.
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FIGURE 4.—Bias characteristics of three random parameter estimators in HIGH simulations.

Figure 4 illustrates estimation results in a unit square. Horizontal coordi-
nates are true values of δ and vertical coordinates are mean estimates of δ
across 100 simulated samples using each estimator. Two lines in the square are
for reference: The diagonal line represents a bias-free relationship and the line
near the bottom of the square, marked with square icons, represents the pooled
estimator results. The other three lines represent the behavior of the three es-
timators described previously, and all improve greatly on the pooled estimator.
Notice that the random effects and mixed random estimators are both nearly
skew-symmetric about the square’s center. If we are forced to choose from var-
ious biased estimators and the issue at hand is whether δ is closer to zero or
one, this skew-symmetry is a good property (other things, such as magnitude
of bias, equal). The lognormal λ estimator does not have this property: It is
downward-biased even at δ = 0	5. The mixed random estimator is the best of
the bunch, having both the desirable skew-symmetry of the random effects esti-
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mator and less bias than it. The mixed random estimator performs even better
in HIGH simulations of the stag hunt game with q∗ = 0	9 and optimization pre-
mium parameter 50, the game where heterogeneity bias was strongest: Mean
estimates of δ, given the true values 1.0, 0.5, and 0.0, are 0.89, 0.50, and 0.038,
respectively.

5. CAVEATS

The mixed random estimator probably performs well because the random
effect α picks up relatively persistent heterogeneity in zt(δ) caused by parame-
ters like φ (a relatively minor problem) whereas the lognormal distribution of
λr picks up the (relatively serious) heterogeneity of λ. However, heterogene-
ity can be more complex than that found in HIGH populations. Parameters
may be correlated in the subject population. Estimators based on bivariate
distributions may account for this well, but I offer no evidence on this. Ad-
ditionally, some parameters that determine zt may have sharply multimodal
distributions. For instance, a population might be a mixture of Cournot best
responders (φ = 0), classical fictitious players (φ = 1), and weighted fictitious
players with φ in some relatively small interval strictly between these extremes.
A hybrid of Camerer and Ho’s (1999) latent class approach and the lognor-
mal λ estimator might work best in such a case. It is certainly not clear at all
that a smooth, unimodal distribution of fixed effects α will adequately cap-
ture sharply multimodal heterogeneity like this. I examined simulations of this
kind and found that the mixed random estimator consistently overestimates δ by
about 0.10 in such simulations (except when δ = 1). Therefore, I stress that the
mixed random estimator is not a wholly reliable fix for heterogeneity bias. Yet
it outperforms all other solutions I have examined and is much less misleading
than pooled estimation or individual estimation (Wilcox (2005)). Obviously,
random parameter approaches will convince more readers if users show that
conclusions are robust to several alternative distributional assumptions.

The precision of the random parameter estimators of δ leaves much to be
desired: Their standard deviations are distressingly large in the simulated sam-
ples (0.20 to 0.35, depending on the estimator and true δ; see also Cabrales and
Garcia-Fontes (2000)). Yet similar problems characterize pooled estimation
in homogenous populations (Salmon (2001)), so this does not distinguish ran-
dom parameters estimators from pooled ones (particularly given heterogeneity
bias). It will probably take very large numbers of subjects or meta analysis of
data from many experiments to get high precision estimates of δ for the EWA
model regardless of the estimator.

6. CONCLUSIONS

Heterogeneity bias is a serious problem in empirical comparisons of learn-
ing models. This is true whether comparisons are based on goodness-of-fit
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comparisons or parametric evaluation within hybrid models like EWA. All re-
sults here suggest that this bias has a known direction. When heterogeneity is
present (especially heterogeneity of λ), estimations and fit comparisons that
ignore it unduly favor reinforcement models over belief models. The bias can
be dramatic and overwhelming, although it can also be quite weak when op-
timization incentives are relatively weak over most periods. Fortunately, even
misspecified random parameter estimators appear to be much less biased than
pooled estimators. Although I do not examine this here, demographic vari-
ables or more theoretically grounded conditioning variables might instrument
some heterogeneity; this could reduce the inferential burden placed on distrib-
utional assumptions in random parameters estimators and might improve their
precision as well.

We experimentalists must remember that in any pooled estimation where
models contain lagged dependent variables, a form of the bias described here
will be present (although its seriousness and character will vary across con-
texts). Experiments on intertemporal optimization and the conditional coop-
erator hypothesis both come to mind as other settings where (depending on
model specification and design) crucial questions of interest can boil down to
the relationship between current decisions and lagged decisions or a function
of them. Classical experimental design techniques can finesse heterogeneity
in some cases (this is what randomized assignment is for), and in experimen-
tal economics we induce certain parts of preferences and beliefs, hence elimi-
nating heterogeneity in them. There are probably limits to what experimental
design and method alone can achieve when models contain lagged dependent
variables and subjects are heterogeneous. In addition, heterogeneity is ubiqui-
tous. Risk attitudes, other-regarding preferences, memory, sensitivity to payoff
differences, problem-solving ability, depth of reasoning, intrinsic motivation,
and other uncontrolled subjective motivations are among those things that may
vary across subjects, and almost everyone believes that one or more of those
things do vary.

Dept. of Economics, University of Houston, 4800 Calhoun Road, Houston,
TX 77204-5019, U.S.A.; nwilcox@mail.uh.edu, www.uh.edu/~nwilcox.
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APPENDIX

First Argument

Let σi
FF , σi

CC , and σi
zz(δ) be variances of F̃ i, C̃i, and z̃i(δ), respectively,

given λi. Assume that these variances are small enough that approximations
described in the arguments below are adequate. Let Fi ≡ Ei(F̃ i), Ci ≡ Ei(C̃i),
zi(δ) ≡ Ei[z̃i(δ)], and Pi(λ�δ) ≡ Ei(Λ[λz̃i(δ)]). Let steady-state uncondi-
tional expectations of π(1� ct) and π(0� ct) be π1 and π0, respectively. Assume

mailto:nwilcox@mail.uh.edu
http://www.uh.edu/~nwilcox
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that row’s strategy choice labels are chosen so that π1 −π0 > 0 (so that r = 1 is
more frequent in any steady state), implying that zi(δ) > 0 ∀ i, and also assume
that payoffs have been scaled so that π1 and π0 are nonnegative, implying that
π1 + π0 > 0. Assume that z̃i(δ) is finite, implying that Ei(Λ[λz̃i(δ)]) < 1 ∀ i.
Also assume that the distribution of z̃i(δ) is not extremely right-skewed for
any i, so that Ei(Λ[λz̃i(δ)]) > 0	5 ∀ i. Under these assumptions, we have
1 >Ei(Λ[λz̃i(δ)]) > 0	5 ∀ i, the case discussed in the text.

Also assume that

βi(λ�δ) = γ(1 − δ)λΛ[λzi(δ)](1 −Λ[λzi(δ)])(π1 +π0) < 1

∀λ in the support of λi and δ ∈ [0�1], where γ = [1 − (1 − κ)φ]/(1 − φ).
This is a necessary condition for local steady-state stability of zi(δ) at all true
and estimated values of δ, because in that case it is approximately true (given
small σi

zz(δ)) that

E[zi
t+1(δ)|zi

t(δ)] − zi
t(δ)≈ (1 −φ)[1 −βi(λ�δ)][zi(δ)− zi

t(δ)]	
Thus if βi(λ�δ) ≥ 1�E[zi

t+1(δ)|zi
t(δ)] would not move toward zi(δ) for small

zi(δ)− zi
t(δ).

Assuming that σi
FF�σ

i
CC , and σi

zz(δ) are small enough, approximately correct
reasoning about steady-state expected values of nonlinear functions of z̃i(δ)
can be done in terms of zi(δ) rather than the random variable z̃i(δ). If so,
Fi�Ci, and zi(δ) are implicitly and approximately

Fi ≈ γ
[
Λ[λizi(δ)]π1 − (

1 −Λ[λizi(δ0)]
)
π0

]
> 0�(7)

Ci ≈ γ
[(

1 −Λ[λizi(δ0)]
)
π1 −Λ[λizi(δ0)]π0

]
�(8)

zi(δ)≈ γ
[(
δ+ (1 − δ)Λ[λizi(δ0)]

)
π1 − (

1 − (1 − δ)Λ[λizi(δ0)]
)
π0

]
(9)

> 0	

Evaluate (9) at δ0 and differentiate with respect to λi to approximate

∂zi(δ0)

∂λi
≈ βi(λi� δ0)

λi[1 −βi(λi� δ0)]z
i(δ0) > 0	(10)

One may then substitute (10) into derivatives of (7), (8), and (9) to get

∂Ci

∂λi
= −∂Fi

∂λi
≈ −γΛ[λizi(δ0)](1 −Λ[λizi(δ0)])(π1 +π0)

1 −βi(λi� δ0)
zi(δ0) < 0�(11)

∂zi(δ)

∂λi
≈ γ(1 − δ)Λ[λizi(δ0)](1 −Λ[λizi(δ0)])(π1 +π0)

1 −βi(λi� δ0)
zi(δ0)≥ 0(12)

(with equality if and only if δ = 1)	
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Continue to assume small σi
zz(δ), so that

∂[Ei(r̃i)−Ei(Λ[λ0z̃
i(δ)])]

∂λi
(13)

≈ Λ[λizi(δ0)](1 −Λ[λizi(δ0)])[1 −βi(λ0� δ)]
1 −βi(λi� δ0)

zi(δ0) > 0	

The covariance of Ei(r̃i) − Ei(Λ[λ0z̃
i(δ)]) and Ci with respect to the distri-

bution of λi is BC(δ). According to (11) and (13), those two terms move in
opposite directions with changes in λi, so their covariance with respect to the
distribution of λi is negative, completing the first argument.

Second Argument

Suppose δ0 and λ0 are estimated simultaneously, using pooled MLE estima-
tors δ̂ and λ̂. Assume that plim(λ̂) = λ∗ exists and that λ∗ > 0 (necessary for
asymptotic identification of δ). Then also assume that plim(δ̂) = δ∗ exists. Fi-
nally, assume that δ0 = 1. By generalizing (4) and (6), and constructing similar
equations that pertain to the first-order condition with respect to λ as well, we
have the following asymptotic system under these assumptions:

mδ(δ
∗�λ∗)= �P(δ∗�λ∗)Eλ(Ci)+Eλ[W i

C(δ
∗�λ∗)] +BC(δ

∗�λ∗)= 0(14)

(≤ 0 or ≥ 0 if δ∗ = 0 or 1, respectively),

mλ(δ
∗�λ∗)= �P(δ∗�λ∗)Eλ[zi(δ∗)] +Eλ[W i

z (δ
∗�λ∗)] +Bz(δ

∗�λ∗)(15)

= 0�

where �P(δ�λ) =Eλ[Ei(r̃i)] −Eλ
[
Ei

(
Λ[λz̃i(δ)])]�

W i
C(δ�λ) = Covi

[
r̃ i −Λ[λz̃i(δ)]� C̃i

]
�

W i
z (δ�λ) = Covi

[
r̃ i −Λ[λz̃i(δ)]� z̃i(δ)

]
�

BC(δ�λ) = Covλ
{[
Ei(r̃i)−Ei

(
Λ[λz̃i(δ)])]�Ci

}
�

Bz(δ�λ) = Covλ
{[
Ei(r̃i)−Ei

(
Λ[λz̃i(δ)])]� zi(δ)

}
	

Now suppose that δ∗ = 1, contrary to what is claimed in the text. By def-
inition, z̃ ≡ z̃i(1) is independent of λi, implying Bz(1�λ) = 0 ∀λ. (However,
Ci and λiz̃ still vary with λi when δ∗ = 1, so BC(1�λ∗) < 0 is still true.) Mak-
ing these substitutions into (14) and (15), (15) then implies that �P(1�λ∗) =
−Eλ[W i

z (1�λ
∗)]/E(z̃). Therefore, (14) may be rewritten as

mδ(1�λ∗) = −Eλ[W i
z (1�λ

∗)]Eλ(Ci)/E(z̃)(16)

+Eλ[W i
C(1�λ

∗)] +BC(1�λ∗)= 0	
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Note that Eλ(Ci)/E(z̃) and BC(1�λ∗) < 0 are largely unaffected by within-
player variances σi

CC and σzz(1): In particular, because BC(1�λ∗) is a between-
players covariance of player-specific expected values, it does not approach
zero as the within-player variances σi

CC and σzz(1) approach zero. By contrast,
Eλ[W i

z (1�λ
∗)] and Eλ[W i

C(1�λ
∗)] converge to zero as σzz(1) and σi

CC approach
zero. So if heterogeneity is large enough relative to the expected steady-state
within-player variances of reinforcement and its components, BC(1�λ∗) < 0
will imply that (16) is contradicted, so that δ∗ < 1 as claimed in the text.

REMARK: Note that although Eλ(Ci)/E(z̃) is bounded above by 1/2, it can
be made arbitrarily large and negative by choosing γ(π1 − π0) ≡ E(z̃) > 0 ar-
bitrarily close to zero, and enough of the λi large enough to make Eλ(Ci) < 0;
and it is apparently impossible to sign Eλ[W i

z (1�λ
∗)]. This is another reason

(additional to footnote 19) why downward bias of δ̂ might be mitigated and
even reversed when E(z̃) ≈ 0 (when and if Eλ[W i

z (1�λ
∗)] > 0 as well). Yet as

discussed in footnote 20, parameters of EWA are then poorly identified, so,
arguably, good experimental designs will try to avoid games where E(z̃)≈ 0.
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