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Abstract

Microeconometric treatments of discrete choice under risk are typiathoscedastic latent
variable models. Specifically, choice probabilities are given by preferinctional differences
(given by expected utility, rank-dependent utility, etc.) embedded in cureitiifitribution
functions. This approach has a problem: Estimated utility function parametans ta represent
agents’ degree of risk aversion in the sense of Pratt (1964) do not imply a suggested
“stochastically more risk averse” relation within such models. A new hetatastic model
called “contextual utility” remedies this, and estimates in one dataggesut explains (and
especially predicts) as well or better than other stochastic models.
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There is no doubt of the importance of two papers in the development of expected utility or

EU theory. Pratt (1964) gave us an EU-based understanding of aigembre risk aversthan

agentb:” Write this asa b and call this relation “MRA in Pratt’'s sense.” Pratt also gave us

mra
risk aversion measures and parametric utility functions for money outcomesiestent these
measures of risk aversion in their parameters. Rothschild and Stiglitz (1970ptiseteced
possible definitions of the relation “lottefyis riskier than lotterg” and proved that several

definitions are equivalent under EU. CEHl,T} an MPS paiwhenT is a_mean preserving

spreadof S (defined subsequently). Rothschild and Stiglitz showed that any EU agent with a

strictly concave utility of money prefegsto T when choosing from any MPS p&B,T} .

An accumulated experimental literature suggests various problems with EWjsahdst
spawned alternative structural theories such as prospect theory (Kahnemaerakg T979),
rank-dependent utility or RDU (Quiggin 1982; Chew 1983) and cumulative prospect theory or
CPT (Tversky and Kahneman 1992). However, the experimental literaturestdbdished a fact
that is not directly addressed by these theories: Choice under risk apdeatgghly stochastic.
Beginning with Mosteller and Nogee (1951), experiments with repeatedafriadsrs reveal
substantial choice switching by the same subject between trials. In asg the trials span
days (e.g. Tversky 1969; Hey and Orme 1994; Hey 2001) and one might worry that decision-
relevant conditions may have changed between trials. Yet substantial sgvibclours even
between trials separated by bare minutes, with no intervening change tim, Wwaekground risk,
or any other obviously decision-relevant variable (Camerer 1989; Starmer and 30g§@e
Ballinger and Wilcox 1997; Loomes and Sugden 1998).

How do we generalize the relation “more risk-averse” to stochasticechoder risk?

SupposeP" is the probability that agentchoose$ from MPS paifS,T}, and suppose we



regard these probabilities as the theoretical primitive. What mightaih iog agena to be
stochastically more risk-averse than agehConsider this proposal:

Stochastically More Risk-Averse (SMRA)genta is stochastically more risk averdean

agentb, writena b, iff P? > P® for every MPS paifS,T} .

That is, the stochastically more risk averse agent is more likely to choostathely safe
lottery in every MPS pair. If sample proportions of relatively safe chdioes MPS pairs vary
significantly across subjects in an experiment, and we call this heterogemaoaversion, then
we probably have something like SMRA in mind.

Today we are witnessing rapid growth of a “new structural econometrickS@tte choice
under risk, usually based on discrete choices from lottery pairs. In pragtieenaetric
functional form from Pratt (1964) or a generalization of them (Saha 1993) is usedity @pec
EU, RDU or CPT value difference between lotteries in a pair—what kcealillaV-difference
TheseV-differences are then embedded within a c.d.f. to specify choice probabilities for

maximum likelihood or othe¥l-estimation. Call this approachvadifference latent variable

model | argue that there is a deep problem with this approach: Parameters inosiet timat
are_meanto represent degrees of risk aversion in Pratt’'s sense aapnesent degrees of
stochastic risk aversion across all agents and all decision contexts in R¥e stivise.

For example, suppose we usé-difference latent variable model to estimate coefficients of

Bob

relative risk aversiorp for Anne and Bob, getting estimag@&™ > 5°®. We would like to say

that Anne Bob in Pratt’s sense. However, sections 3 and 4 below will show thdt the

mra

1o my knowledge, Hilton (1989) first suggested ditifons of “more risk-averse” for stochastic choitet
EV (T) be the expected value of lottéfyand consider pairs of the fofV (T),T} . Hilton defined “agena is

more risk-averse in selectidhan agenb” as P? > P® for all pairs{EV (T),T }. SMRA simply generalizes Hilton’s
definition from a specific kind of MPS pair (a choice betwedsttary and its expected value) to any MPS pair.




" > pB%® cannot imply that Anne Bob in the sense

smra

difference latent variable model apd

defined above. This occurs because the utility or value of mof®yin theories such as EU,

RDU and CPT is only unique up to an affine transformation and, therefore, it is not antheore

that MRA in Pratt’'s sense implies a greatadifference between lotteries in all MPS pairs.

However, MRA in Pratt’'s sense daesply orderings of ratios of differences$ utilities.

Psychologically, when we say AnneBob in Pratt’'s sense, on some interval of outcomes

mra

[z,,z,], we mean that Anne perceives the réitiz,) —u(z,)]/[u(z;) —u(z, ag]larger than Bob
does for allz, [(z],z, ) Economically, this is an implication of Pratt's main theorem. Therefore,

both economics and psychology suggest that if we wish MRA in Pratt’s sense to Miplyi8
a latent variable model, the latent variable will of necessity involve ratioslitf differences
rather than utility differences. Put differently, for MRA in Pratt’ssseto imply SMRA, our
stochastic model may need to assume that agents perceive EU, RDU grdiffefences

relative to some salient utility difference. In section 5, | suggeshtextual utilitystochastic

choice model: It assumes that this salient utility difference is theetife between the utilities
of the maximum and minimum possible outcomes in a lottery pair. This modellaill SMRA
to be an implication of MRA in Pratt’s sense, in suitably defined ways. More ggnérs¢ems
that when we move from deterministic to stochastic choice under risk, contexslaagersion
are inextricably entwined with one another. Put differently: If choice uiglers stochastic, a
globally coherent notion of greater risk aversion necessarily impliesahsgxt matters.
As a relational preference concept, MRA is ubiquitous in professional econontarges.

Figure 1 illustrates this for the years 1977 to 2001, comparing counts of artittiestiver of the

phrases “more risk-averse” or “greater risk aversion” in their text to couatsi@és with either



of the phrases “more substitutable” or “greater elasticity of subietit in their text The latter

is clearly a central relational concept of economics. The comparative tétbe two trend lines
are somewhat arbitrary, since searches for different text strimgisl \&ffect the levels.

Moreover, instances of the substitutability phrases include articles asbuabtogies as well as
preferences. The comparative trends are more meaningful. MRA gained on “maitetsibbes’

as a relational concept over the quarter century from 1977 to 2001. Figure 1 also shows that
although citationto Pratt (1964) peaked in the early 1980s, they have continued at a fairly
constant rate of about thirty-five to forty a year over the last two decadeshaw no sign of
decrease. Probably, very few economics articles show such steady andddngfluence.

Given the ubiquity of MRA in economic discourse, it would be nice if model parameters
meant to represent MRA in Pratt’'s sense had a theoretically appealing oleseameahing such
as SMRA. Contextual utility delivers such meaning: Common alternative naal@ist. Section
6 shows that contextual utility may be empirically better too: Both EU and RBdéls
estimated with the contextual utility stochastic model explain (and edgeuiadlict) risky
choices better thavt-difference latent variable models and the random preference stochastic

model in the well-known Hey and Orme (1994) data set.

1. Preliminaries

Let the vectorc = (z,.,2,.,2,, )be three money outcomes with < z,. <z, , called an

outcome contexdr simply a contextLet S, be a discrete probability distributids,;,S,,,, S )

m2?'~m3

2 Some journals withhold JSTOR availability for recent ye2®€1 is the most recent widely available year. Some
important journals either do not have JSTOR availabilityglidmot exist, back to 1977 (e.g. the Journal of Labor
Economicsand the Journal of Economic Perspectivespectively) and so are not included. Three important
business journals (the Journal of Busindssirnal of Financand_Management Sciencare included as well.

® The citation counts are from 1977 to 2006 in all fieldst {nst economics) in the ISI Science and Social Science
Citation indices. The temporal pattern of citations in econsmiiblications alone is essentially similar.




on a vector(z,,z,,z, ) then a three-outcome lotteBy . on context is the distributionS, on
the outcome vectofz, ,z,.,z,. .)Sometimes lotteries are viewed as cumulative distribution

functions S, (z) = Sni- A pairmc is two distinct lotterie§S ., T, Jon context, and a

ilzi;sz
basic pairis one where neither lottery first-order stochastically dominates hiee. & basic

pairs, we may choose lottery names so thgt+s. . >t .+t , ands_ , <t ., and say thas,
is safer tharfl in the sense the8, . has more chance of the center outcame and less

chance of the extreme outcomgs andz,_, than doed . . If the expected valueg(S,. 3gnd

E(T,.) are equal, the pair is.a mean-preserving spoeddPS pair. LetQ, be the set of all

MPS pairs: Risk-averse EU agents preé8grto T, . [Lmt [ Q (Rothschild and Stiglitz 1970).

mps
To connect deterministic theory to probabilistic primitives, let the streiofuzhoice under

risk be defined as a functiahof lotteries and a vector of structural parame@tssuch that

V(S,. | 8-V, 820~ P.>05 (1.1)
where P, is the probability that agentchoosesS,,. from pairmc. CallV (S, | £8") -V (T,. | 8")
theV-differencein pairmc: When this is nonnegative, it represents the deterministic primitive “
weakly prefersS, . to T, .” In turn, (1.1) equates this with the probabilistic primitives not
more likely to choosé& . frommc,” a common approach since Edwards (1954).

For example, expected utility (EU) with the constant relative risk averGiRRA) utility of

moneyu"(z) = (1- p") 22" is the structur&/ (S | p") = A-p")* *s_z5¥", sothat

j=1 °mi Sic

@-0"" | (Sw~tw)z” 20 = Pl 205, (1.2)

C

* This restricts attention to transitive structures; thisill be an unsatisfactory equation for a nontransitive theory.
® There are stochastic choice models under which this innocemtlisguequation is incorrect, such as Machina
(1985). Though as yet scant, existing evidence is notipiogrfor these alternatives (Hey and Carbone 1995).



where 8" = p" is the sole structural parameter, called agentoefficient of relative risk
aversion. Call this the CRRA EU structure. The rdekendent utility (or RDU) structure

(Quiggin 1982; Chew 1983) replaces the probakslisie in EU with weightsws, . These
weights arews,; = W( o sz)‘ W( i sz), where a continuous and strictly increasing

weighting functionw(q) takes the unit interval onto itself. Writers sagggseveral parametric

forms for the weighting function; here, | use Pe&g1998) one-parameter form, which is
w(q | y") = expE[-In(g)]”") Cal(Q,1),w(0)=0 andw(1)=1. Then a CRRA RDU structure is
V(S "y = -p") [ ws,, ()2, so that

@-p")" Llwsy (r") =Wy (¢)]zi” 20 = Py 2 05. (1.3)

Structures with weighting functions attribute rekitudes to both utility function and
weighting function shape (Quiggin 1982; Tversky &ahneman 1992). This is why | have (so

far) written “MRA in Pratt’'s senséMy issue is the partiatontribution of utility function shape

to risk attitude, holding weighting functions caarst Henceforth, when | write b and

mra

a b, orrefer to the MRA or SMRA relation, | am alway@nsidering agents with identical

smra

weighting functions. The constant reminder “in Psagense” will now cease. However, a certain
fact about RDU weights in basic pairs will be ugedection 5 to derive properties of the

contextual utility model. Since(q) is strictly increasing, and sinsg, +s,,; >t,,+t , and

Sns < 1.5 In basic pairsw(s,, +5S,5) > W(t,, +t . Andw(s,,) <w(t, ;). So in all basic pairs,

m3

WSmZ - thz = W(sz + Sms) - W(Sms) _[W(tmz + tms) - W(tm3)] > O . (14)



2. V-difference latent variable models: Strong anastriility
To estimate any vectg8" in (1.1), we need a stochastic model to completa¢lationship

betweenv-difference and choice probability. Latent variaiviedelsare one way to do this. Let

yo. =1 if agentn choosesS_ . from pairmc (y;. = 0 otherwise). In general, such models
assume that there is an underlying but unobsemetincious random latent variablg. such
thaty!. =1 < yr_>0; then we haveP,. = Pr(y". >0). Here, the latent variable is

VI =V (Spe | B7) -V (T, | B) €1 A, (2.1)
where ¢ is a mean zero random variable with some standatdnce and c.d.fH (x) such that
H(0) = 05 andH(x) =1- H(-x), usually assumed to be the standard normal ostiogi.d.f.
The resulting latent variable model Bf, is then

Pr = HAV (S 1 87) -V (T 187)]). (2.2)

In decision theory, (2.2) is_a strong utilityodel (Debreu 1958; Block and Marschak 1960;

Luce and Suppes 1965). Lettihde the set of all lotteries, choice probabilifieiow strong
utility if there is a functioni" :L —» and an increasing functiop®: - [0,1], with¢" (0) = 05
and ¢"(x) =1-¢"(-x), such thatP,;. = ¢" (,u”(Smc) - " (Tmc)). Clearly, (2.2) is a strong utility
model whereg"(x) = H(Ax )and x"(S,.) =V (S,. | 8"). In (2.1),e/A may be regarded as
computational, perceptual or evaluative noise exdacision maker’'s apprehension of Yhe
differenceV (S, | 8") -V (T,. | 8"), with A™* proportional to the standard deviation of thisseoi

Microeconometric doctrine usually viewd A as a perturbation té-difference observed by
agents but not observed by the econometricianthierecase, agl approaches infinity, choice

probabilities converge on either zero or one, ddpgnon the sign of theé-difference; put



differently, the observed choice becomes incre&giigly to express the underlying preference

direction of the structure. We can céfl the noise parameter call A the precision parameter

Strict utility (Luce and Suppes 1965) is more restrictive. Atjadéne is a scalg”" defined on

lotteries, but it must be strictly positive and weoprobabilities must take the form

Prc = 1" () 4" (S + 17 (T )] - (2.3)
As Luce and Suppes point out (p. 335), every dtititity model is algebraically identical to

P" = Aln["(S,.)] - In["(T,.)]), whereA(x) = (L+e ™)™ is the logistic c.d.. (2.4)
If V is positive-valued, we could for instance chogsé¢S,.) =V (S, | M) and rewrite (2.4) as

Pr = ANV (S, 1 8- IV (T, 187)])) (2.5)

This resembles (2.2) except that a difference gédulthms ofV, or logarithmicV-difference

replaces th&-difference. Model (2.5) was employed by Holt aradity (2002). Another very
common strict utility form, used both for quantasponse equilibrium (McKelvey and Palfrey

1995) and the experience-weighted attraction legrmodel (Camerer and Ho 1999), sets

U (S,.) =explAV (S, | B)] . Substituting this into (2.4) gives

Pre = AV (S 181 -V (T, 1 8M1), (2.6)
which is identical to the strong utility model (2\&ith the logistic c.d.f. as the choiceldf My
strong utility estimations will in fact be (2.2) thithe logistic c.d.f., and hence also equivalent t
this very common strict utility form. What | willadl my strict utility estimations instead use the
logarithmicV-difference form and logistic c.d.f., as in (2.5daHolt and Laury.

Homoscedasticity with respect to pairs (constantA across pairs and contexts) is the

essence of strong and strict utility models: Withibithey do not imply strong stochastic

transitivity or SST, their definitive property (Block and Mdra& 1960; Luce and Suppes 1965).



However, homoscedasticity with respect to agenssnot, and various transformationsof V-

difference may be interpreted as agent heterostieitiadetermined by risk parameters. For
example, call the textbook CRRA utility functian(z | p) = (L- p)*z"* the basic
transformation, and call ,(z | p) = 7" the powetransformation. When we write the
difference in a strong utility model using the leasansformation, this is algebraically identical
to writing theV-difference with the power transformation and addglly assuming agent-
specific precision parametes that are proportional tp(Ll— p" ) Hection 4 will take up agent
heteroscedasticity in a more theoretically grountetner.

In experiments withk > 4 distinct outcomesg, < z, <...<z, (and several distinct three-
outcome contexts), call, (2| 0) = (2" - ;) (. - z; *) the_unit rangéransformation
(making the utility range across all outcomes edoialnity for allp) and callu,,,(z| p) =
(2% =27 °)I(z5* - ;") the_minimum unitransformation (making the utility difference
between the two smallest outcomes equal to unitglf@). With minor terminological abuse, |

will say that the logarithmi¥'-difference latent variable in (2.5) is written ngithe_logarithmic

transformation. Le\ V__ (o Ye the CRRA EW-difference (or logarithmi¥/-difference) in

r"mc

pairmc, as written with any of these five transformatianaVith any constand, AV, .(0)

would need to be monotone increasingitior strong or strict utility models to imply SMRA

3. Critique of strong and strict utility

Pratt’'s (1964) original EU definition b was extended by Chew, Karni and Safra

mra

(1987, p. 374) for RDU. | quote them here at lengtith notation modified suitably to fit mine:



To compare the attitudes toward risk of two prefiee relations ” and _* onD; [a set
of probability distributions on an interval[_], we defineT,,, [ D} to differ fromSy,, D}
by a simple compensated spread from the viewpdinf oif and only if T ~° Sme and [Z¥
CIbuch thall y(z) = Sme(z) for all z < 2° andTme(z) < Sme(2) for all z = 2°.

DEFINITION 5: A preference relation® [ [the set of preference relations
representable by Gateaux-differentiable RDU fumalsV] is said to bamore risk averse

than " 1 if Sme _* T fOr everyTme, Sme LD} such thal . differs fromSy,c by a

simple compensated spread from the point of viewaf..

THEOREM 1.The following conditions on a pair of Gateaux differentiable [RDU]
preference functionals V°® and V? on D; with respective utility functions u®and u® and
[weighting] functions w° and w® are equivalent:...

(i) w?and u® are concave transformations of w” and u®, respectively.

(i) If T differs from Sy by a simple compensated spread from the point of view of _°

[implying thatV° (T ) =V°(S,.)] then V*(T_ )< V?(S,,) [all italics in originall.

Consider what this means for a CRRA Edifference. In this case both of the weighting

functionsw?® andw® are identity functions; and in every MPS pdir, will be a simple

compensated spread 8f. from the viewpoint of a risk-neutral decision makeat is an agent

b with 0°=0, so thav"(T..) =V°(S,.) . Equivalently, we may writd V. (& 0 in any MPS

pair. The results (ii) and (iii) of Theorem 1 tHehus conclude that *(T,.) < V*(S,.) for any

more risk-averse ageat in this case any ageatwith p* > 0. Equivalently, we may write

AV, (p*) 20 A >0in any MPS pair. However, nothing in the theoriemplies that

0AV

V.. (p)/op >0 [CA>0: Nothing suggests that akydifference, written using any

transformation, is monotone increasing in @ayameter meant to represent MRA.

10



The theorem only says that indifference becomeskypeeference when we substitute any
“more risk averse” utility function (or probabilityeighting function) for the less risk averse one
that generated indifference: It says nothing alboohotone increasing-difference with greater

risk aversion. But the latter is exactly what igueed fora b a b in strong and strict
mra

utility models whem is constant across agents. In particular, straifiyispecifies no necessary
relationship betweep andA, so CRRA EU strong utility and MRA do not imply $M.
Moreover, it seems that MRA cannotply SMRA in anystrong or strict utility model that
assumes constaAtacross agents. Graphs illustrate this using MRS pam Hey’s (2001) four-
outcome design (these are common, e.g. Hey and ©@8%and Harrison and Rutstrom 2005).
The design employs the four outcomes 0, 50, 1001&0dJ.K. pounds and these generate four
distinct three-outcome contexts: All pairs are oe of these contexts. Index contexts by their

omitted outcome, e.g. context -0 is (50,100,150), while contegt=-150 is (0,50,100).

Figure 2 shows howd, AV, (o) behaves for the five transformationglefined
previously® computed for the MPS pair 1 on context -150, given bys, ., = (0,7/81/8) and
T, 10 = ( 3/81/84/8) taken from Hey (2001), gs varies over the interval [0,0.99]. To sketch
Figure 2, a constant value #f has been chosen for eacansformation to makgA Vv, (o)

reach a common maximum of 10 forl[0,0.99], for easy visual comparisons; the imparta

point is thatA; is held constant to draw each grapmak vV, ,.,(p) , for each transformation
If A,AV, 15(0) is nonmonotone on [0,0.99], then MRA canmoply SMRA under

transformationr given constand across agents.

® Here, the CRRA unit range transformationujs(z | p) = (z - 0"*)/(1507° - 0**) = (z/150**, while the
minimum unit transformation g, (z | p) = (z” - 0"*) /(507 -0 ¥ (z /50)**.

11



Figure 2 shows that the basic, power and log toamations are natonotonically
increasing ino, though the nonmonotonicity for the basic transfation is mild for this
particular pair. The implication is that in a stgoutility CRRA EU model withA constant across
agents, MRA defined in terms pfcannot imply SMRA using either the basic, powelogr
transformations, for MPS pair 1 on context -150. However, the unit range and minimum unit
transformations can do this, at least for this MiaB on this context.

Unfortunately, this property of the unit range anichimum unit transformations disappears
as soon as we consider a context that does na gf@eminimum outcome, = (Osed to define
those transformations. Consider now MPS pair lamextc = -0, that is (50,100,150), given

by S, , =(07/81/8) andT, _, = ( 3/81/84/8), also taken from Hey (2001). Figure 3 shows that
for this MPS pair, A,A )V, ,(0) is severely nonmonotonic for all five transforroas. MRA

defined in terms gb cannot imply SMRA with angf these five transformations, given constant
A across agents, across all contexts constructeddrfour-outcome vector. If we want to

explain agent heterogeneity of safe choices fronEMRirs by means of a strong or strict utility
model solely in terms of a risk parameter Igkeand we use any of the five transformations
discussed above, we cannot succeed if we assutngréagsion/ is constant across agents. It

seemsthad b / a b instrong and strict utility models withconstant across agents.
a

mr smra
The fact that the minimum unit and unit range $farmations make MRA and SMRA
congruent on a context that shares the minimurmoougcused to define them (see Figure 2)

suggests one escape from these difficulties: Whyise a context-dependent transformé&ion

This approach abandons homoscedasticity with réspgairsmc; hence it is not a strong or

strict utility model. This is in fact the approatgken by the contextual utility model in section 5,

12



and it can be given both good psychological mativeand firm grounding in terms of Pratt’s
(1964) main theorem. First, however, it is wortimgidering more carefully whether a well-

chosen form of agent heteroscedasticity might leejaate. We will see that it is not.

4. Construction and critique of an agent hetercastilty approach

Figure 4 shows two concave CRRA utility functiofts,two agents andb: A square-root
(0" =0.5) CRRA tility function, and a “near-log’of = 0.99) CRRA utility function; clearly

a_b. Consider the MPS pai6, , = (01,0) andT, , = (1/201/2)—a sure 100 versus even

mr

chances of either 50 or 150. For b to implya b under strong utility, th&-difference in

mra smra

this pair with 0° = 0.99 must exceed that wjth = 0.50: Otherwise the more risk-averse utility
function will not imply a higher probability of clesing the safef, ,. A special transformation
that equates first derivatives of utility functiomtsthe intermediate outcome 100 allows Figure 4
to be drawn that way, nesting tadifference withp® = 0.5 inside th&/-difference withp* =
0.99” The local absolute risk aversion meastr€(z)/u’(z) may be thought of as measuring

concavity relative to slope at With slopes equated at= 100, Figure 4 does this visually.

Reflection on Figure 4 suggests thatéor b a b on some collection of contexts, we

mra smra

might succeed with a transformationugf) that equalizes first derivativas(z) of all utility

functions at some sufficiently greater thaa, = maxz,} , the maximum of the minimum
C

outcomes found in any of several contextsr which we have choice data. Without this, tili

functions become arbitrarily flat over one or mooatexts as the coefficient of relative risk

" In Figure 4, a “level” is also chosen for eactitytfunction such thati(100) = 100 for both utility functions. This
choice is irrelevant to any strong utilédifference (it differences out) but it allows feasy visual comparison.
The matching of first derivatives at= 100 is the important move. Similar remarks agpliigure 6.

13



aversion get large. This in turn implies that\alllifferences between lotteries on such contexts
approach zero as coefficients of relative risk sngr get large and, hence, that all strong ortstric

utility choice probabilities approach 0.5 for saféintly great relative risk aversion on such

contexts. The first derivative of the CRRA basansformation isu, (z) = z™”: Multiplying the
basic transformation by’ , or (what is the same thing}” wherea =1In(z) for somez > z,,
we give all CRRA utility functions a common unibpk atz = e“. Therefore, calu(z | p) =

e”z"” /(1- p) an SMRA-compatibl€RRA transformation. Figure 4 is drawn using this

transformation, witha = In(100) = 461 giving all CRRA functions a unit slope at 100.

If we write the CRRA EW/-difference using the SMRA-compatible transformagithe term
e” factors out of th¥/-difference. We then have the strong utility model

P = H e AN, (0"). 4.1)

Suppose, then, that we estimate a CRRA EU strality mbodel one subject at a timasing the

basic transformation: This would be the mo8&l = H[A"A,V, . (p0")]. Let A" and 2" be our
estimates for each subjectlf (4.1) is correctIn(A") = In(A) + ap", and we should therefore
expect a linear relationship betwelm/i”) and p" . If this linear relationship has a slope

significantly greater thain(z), thena b a b inthe population from which subjects are

drawn on all contexts found in the experiment tfeterated the data.

Hey’s (2001) remarkable data set contains 50@rptthoices per subject, for fifty-three
subjects. This allows one to estimate model pararsaeparately for each subjeatith relative
precision. The specification of choice probabisitectually used for this individual subject

estimation adds a few small features for certanpperal reasons. It is

14



P" = (1- 5, fA- 0" H (DN, (0")+ & 12}+ 3, - " 12) . (4.2)
As is the case with several existing experimerash dets, Hey's experiment contains a small
number of pairsc in which Sy, first-order stochastically dominatBg. Letting Qs.sq be the set
of all such FOSD pairdet dnc = 1 [ml [ Qlysq (dn = O otherwise). It is well-known that strong
and strict utility do a poor job of predicting treeeness of violations of FOSD (Loomes and

Sugden 1998). Equation (4.2) takes account of yiedding P, =1-w" /2 Mt [Olyse

The new parametap” is a_tremble probabilitySome randomness of observed choice has

been thought to arise from attention lapses or leimgsponding mistakes that are independent of
pairsmc, and adding a tremble probability as above takesumnt of this. It also provides a
convenient way to model the low probability of FO®iDlations. Moffatt and Peters (2001) find
significant evidence of positive tremble probal@kteven in data from experiments where there
are no FOSD pairs, such as Hey and Orme (1994)spéeification (4.2) follows Moffatt and
Peters in assuming that “tremble events” occur witibability " independent of paimac and,

in the event of a tremble, that choicessgf or T, from pairmc are equiprobable.

Figure 5 plots maximum likelihood estimaﬂess/i”) and p" from equation (4.2) for each of
Hey's (2001) fifty-three subjects, along with a usbregression line between them. It does
appear to be a remarkably linear relationshipuggested by the heteroscedastic form
In(A") = In(A) + ap". The robust regression coefficientas= 4.24, with a 90% confidence
interval [4.11,4.38f. There are sixteen MPS pairs in Hey’s experimetigalgn: Computational

methods easily find the minimum value> z, = maxz,.} = 50 for those MPS pairs, such that

® The robust regression technique used is due t@iY(@887), and deals with outliers in both the dejsst and
independent variable. This is appropriate heregsboth are estimates.
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anya > In(z) allows MRA to imply SMRA for those MPS pait&This minimum value is about

z2=59.7, sowe need >In(59.7)=4.09fora b a b.Ascan be seen, the point estimate

mra smra
& =4.24 does indeed allow it, and the 90% confideéntegval for & just allows one to reject (at

5%) the directional nullr< 4.09 in favor of the alternativethat b a b amongst Hey’s

subjects for all MPS pairs in all of the experimewrbntexts. Results are essentially similar if,
instead, CRRA RDU is estimated using Prelec’s ()1 @®&-parameter weighting function.

There is, however, an obvious difficulty with tlaigent heteroscedasticity solution. Suppose
we invited Hey’s fifty-three subjects back for amet experimental session in which they made
choices from lottery pairs on a new fifth context (100,150,200). If we believe the
relationship shown in Figure 5 is a fixed one fagde subjects, independent of any outcome

context they might face, them b / a b on the new contexd. The estimated upper

ra smra

confidence limit ond , 4.38, implies a value of = 79.8 < 100 z,.. (sincee*** =79 .8)
Therefore,Ae***A,V._..(p) will converge to zero for sufficiently larggand so cannot be
monotonically increasing in on the new context .

Figures 6 and 7 illustrate the difficulty. Figuldeshows six CRRA utility functions (fqu =

0.25, 0.5, 1, 2, 4 and 8), all drawn using the SM&#npatible transformation arw= 4.24, the
point estimate from the robust regression showkfigare 5, so that all slopes are unity at

e** = 6941. While the relative curvature of these utility @tions is substantial across the
outcome range [0,150] of Hey’s experiment, thisastrue on the new context (100,150,200).

There, increasing eventually results in arbitrarily flat utility fictions with arbitrarily small

® Starting ata = In(z,) = In(50) , a is incremented in small steps uref" A,V (0" is)monotonically increasing in
p (also checked by computational methods at eaclewafla) for all MPS pairsnc in Hey’s design.
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differencesu(200) -u(100), and this eventually implies arbitrarily smehdifferences on the

new context for sufficiently large. Figure 7 graphs®A,V, ..(o ,)the CRRA EW/-difference
in the MPS pairs, . =(07/81/8) andT, . =(3/81/84/8), at the lower and upper confidence

limits of a from the robust regression, as well agrat4.61 = In(100) andr= 4.79 = In(120).
As can be seen, this function is not monotone asing inp until we chooser sufficiently
greater than the natural logarithm of the minimurtcome on the new context

This problem is entirely general. Estimate or d®any finite value ofr you wish: A new

contextc” with z,, >e” always exists suchthat b / a b on that new context, given that
ra

m smra

value ofa. Although a suitably chosem makes the transformatian_(z | p) = e”z"” /(1- p)

“SMRA compatible” on a givewollection of contexts, it cannot be SMRA-complatibn all

contexts with arbitrarily large values of, . Of course, one could male context-dependent,

but this means abandoning strong and strict utsityce there will then be heteroscedasticity

with respect to contexts. If this is what we musimdordertomakea b a Db, itis better

mra smra

to approach it in a more basic theoretical waysTfiwhat the contextual utility model does.

5. Contextual utility
Psychological motivation for contextual heterositity has its origin in signal detection
and stimulus discrimination experiments. In thieriture, stimulus categorization errors are
known to increase with the subjective range takethb stimulus or signal. For instance, Pollack
(1953) and Hartman (1954) presented subjects witbs equally spaced over a range of tones.
The rangeof tones used varies across subjects, but alestdbencounter specific target tones

Confusion of target tones is more common when Yeeadl range of tones encountered is wider.
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Such observations gave rise to models of stimedtisgorization and discrimination error
predicting that classification error variance irages with the subjective range of the stimulus
(Parducci 1965, 1974; Holland 1968; Gravetter anckhead 1973). In fact, a rough
proportionality between subjective stimulus rangé tne standard deviation of latent error
seemed descriptive of much data from categorizatiqueriments, though some of the formal
models allowed for some deviation from this (e.glladhd 1968 and Gravetter and Lockhead
1973). In categorization experiments, where stiratdi presented one at a time and subjects’ task
is to assign the stimulus to a category, the stibgcange of the stimulus was usually taken to
be determined (after a period of adaptation) byhele range of stimuli presented over the
course of the experiment—what one might call tHeligl context” of the stimulus.

The contextual utility model borrows the ideattthe standard deviation of evaluative noise
is proportional to the subjective range of stinfitdm this literature on the perception of stimuli.
However, being a model of choice from lottery paather than a model of categorization of
singly presented stimuli, it assumes that choides gaeate their own “local context” or
idiosyncratic subjective stimulus range, in theriaf the range of outcome utilities found in the

pair. We may think of agents as perceiving lottalue on context relative to the range of
possible lottery values on contextLettingV (z | 8" ) be agent’s value of a degenerate lottery
that payg with certainty, the subjective stimulus rangedgentn on any context is assumed
proportional toV (z,, | ") -V (z,. | B") . Assume that evaluative noise is proportionahts t

subjective stimulus range. For non-FOSD pairs three-outcome context, and ignoring any

tremble for clarity, contextual utility choice pralblities are:

o gAY Cacl £V 16 51
V(Z3c |ﬁn)_v(zlc |ﬁn)
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Under RDU, this may be rewritten as

(Wsml B thl)un (Zlc) + (WSm2 B thz)un (ch) + (WSmS B thg)un (ch)

Pr=H A1 n - (5.2)
U™ (z5,) —u"(zy.)
Since(ws,, —wt_,) = —(ws,, - Wt ,)—(ws,,—wt ), (5.2) may be rewritten as
Pre = HALWS 1 =Wt )07 (25.) + (W g = Wt )], (53)

whereu; (z) =[u"(z) —u"(z,.)]/[u"(z,.) —u"(z,.)] can be recognized as a context-specific unit
range transformation of agemis utility function. We may therefore view conteatwitility as
employing a “contextual unit range transformatiofthe utility function.

Suppose that painc in model (5.3) is an MPS pair. Pratt’s (1964, 28)LTheorem 1 quickly

shows that contextual utility guarantees taatb a b (holding weighting functions andl
smra

mra
constant across agents) on all three-outcome casntsx hinted by Figure 2. Here | quote the

relevant parts of Pratt’s theorem, with notationdified to fit mine (all italics in original):

Theorem 1Let r"(z) [equal to—u"(z)/u’(z) for utility function u"] be the local risk
aversion...corresponding to the utility function u”, n = a,b. Then the following conditions
are equivalent, in either the strong form (indicated in brackets), or the weak form (with the
bracketed material omitted).

(@ r*(z)=r"(z)for all z [and > for at least one z in every interval]...

( ) U:(Z3c)_ui(22c) s[<]Ub(23c)_l~|b(22c)
u?(z,) —u™(zy) U (z,,) —U™(zy)

forall z,.,z,.,2, with z,, <z, <z,.

Adding unity to both sides of (e) in the fofmn" (z,,) —u"(z,.)]/[u"(z,.) —u"(z,.)] , and then

taking reciprocals of both sides, we get the follmyequivalence from the theorem:

P@)> @I 2] - T A A ). (69

ua(zsc)_ua(zlc) ( 1c)
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Sincey; (z,) = [U"(25) —u"(2,)]/[U" (2z5,) —u"(z,,)] , equation (5.4) shows that

r*(z) > r’(z) (204, z,.] = U2(z,) > U0 (2,,) (] (2., 2,,) - (5.5)
Equation (5.3) shows that the RDAdifference betweef,. andT,. under the contextual unit

range transformation iéws,, - wt,_,)u; (z,.) +(ws,; — Wt .), which is obviously increasing in
Ul (z,,) for all MPS pairs sincéws_, —wt_, ¥ 0 in these pairs, as shown in (1.4). Therefoye,

equation (5.5), it is increasing in local risk asien r"(z ) as well. As a result, the contextual

utility model easily implies what strong and stugtity cannot: Thata b a b onall

mra smra
three-outcome contexts whdrand weighting functions are held constant acrgeais.

Some agents may be less precise than otherssigredimay vary across agents. The
following two propositions refine the result toall this (proofs are obvious and so omitted):

Proposition 1Consider two EU agents such that & > Xand r?(z) > r°(z) = 0 for all z.

Then in an EU contextual utility model, a b . Put differently, a b and A =2 A

smra

a b under an EU contextual utility model.

smra

The restriction to EU matters since RDU agents prajer the riskier lottery in some MPS pairs:
When they do, they have a negatfiédifference in the pair. Larger value sfwill magnify that
and possibly offset greater risk aversion in Psa€nse. For RDU, then, we confine attention to

MPS pairs where the less risk-averse agdin Pratt’'s sense) prefers the safe lottery:

Proposition 2Consider two RDU agents such that 2* = X, r®(z) > r°(z) =2 0 for all z, and
w?(q) = w°(q) . Then in an RDU contextual utility model, P2 > P2 for all MPS pairs in

which P>, > 05.
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Note that contextual utility does niotply that safe choices become certain as risksawe

(in Pratt’s sense) becomes infinite. This is eas#lgn by noting that, (z,.) - 1 asr"(z) - o,
in which case equation (5.3) with agent-dependegttipion A" becomes

P = H{ATW (S, + Sps) =W (t, ~ )] (5.6)
Sincew"(s,,, +S,3) —W"(t,, +t,5) is obviously finite, contextual utility does niotply that
P - 1asr"(z) - o forall MPS pairs; it just implies tha, is increasing inr"(z Yor given
A" andw"(q ). Of course, there will always exist a fini® such thatP,. approaches certainty to

any specified degree as(z bpcomes large.

When combined with either a constant absoluteangrsion (CARA) utility function
u(z) = —-e" or a CRRA utility function, contextual utility iplies some theoretically attractive
invariance properties of choice probabilities. Gatk = (z,. +k,z,, +k,z,. +k) and

ke = (kz,.,kz,.,kz,.) additiveand_proportional shiftsf contextc = (z,.,z,.,z,. ) respectively.

Sinceu(z+k) = —e"* = —g™™ ™™ for CARA, we have

Un (Z+k) _ (_e—rke—rz +e—rke—rzlc) _ (_e—rz +e—rzlc)
c+k - (_e—rke—rz3C +e—rke—rzlc) - (_e—rz3C +e"’21c)

=0 (2). (5.7)

Equation (5.3) then implies th&; ., = P.. Similarly, sinceu(kz) = (zk)"” = k**z*” for
CRRA, we have

(K2 —K027) _ (27 -2:°) _

(K23 -k 77) (27 - 1.")

v (k2) = U (2). (5.8)

Equation (5.3) then implies th&, . = P . That is, contextual utility implies that choice

probabilities in pairs are invariant to an addit{peoportional) context shift given a CARA

(CRRA) utility function. This property echoes whstvell-known about structural CARA and
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CRRA preferences, namely that their preferencectimes are invariant to additive and
proportional context shifts, respectivéfy.

For sets of pairs on a single context, contexitialy will share all properties of strong
utility models, such as SST (Luce and Suppes 1868)simple scalability (Tversky and Russo
1969), since contextual utility is observationadlgntical to a strong utility model with agent
heteroscedasticity on a single context. Howevearabge contextual utility is heteroscedastic
across contexts, it will violate SST and simpldauiity for sets of pairs on several distinct
contexts: In general it only obeys moderate staah#aansitivity or MST (see Appendix A).
This is a descriptive bonus: Contextual utility lveikplain well-known violations of simple
scalability such as the Myers effect (Myers andl&atB60) in much the same way other
heteroscedastic models such as decision field yrim(Busemeyer and Townsend 1983).

Others have posited pair heteroscedasticity icrelie choice under risk. Both Hey (1995)
and Buschena and Zilberman (2000) investigatedraelieteroscedastic forms for econometric
reasons and/or theoretical reasons based on styilalations™ Though it is not Blavatskyy’s
(2007) central innovation, paof his heteroscedastic form is precisely that edsby contextual
utility and Blavatskyy’s reason for doing this isadorned (but good) intuition. Busemeyer and
Townsend’s (1993) decision field theory also praua complex form of heteroscedasticity that

varies with outcome utilities and probabilities lbgic is stochastic sampling of outcome

9 The logarithmicv-difference strict utility form (2.5) and randonmeference models share these two shift
invariance properties with contextual utility, lafitong utility does not. Contextual utility andostg utility EU
models share a different property which might diedahe “false common ratio effect” or FCRE, whilndom
preference EU models do not have this property.L8eenes (2005, pp. 303-305) for a lucid discussibthe
manner in which strong utility EU produces the FO®te reasoning is identical for contextual ut)lignd why
random preference EU does not. See Wilcox (20@#agrf extensive comparison of properties of contlmna of
EU and RDU structures with various stochastic madel

1 Busemeyer and Townsend (1993) explain simple ksitit§a how the “Myers effect” violates it, and thegic
behind decision field theory’s explanation of thgevk effect (contextual utility gives a very simigxplanation).
12 A class of heteroscedastic models described bgolCand De Soete (1991) handle certain kinds wilarity: See
Wilcox (2007a) for an application of their “wandegivector model” to choice under risk.
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utilities, partially guided by outcome probabilgiePut differently, the heteroscedasticity arises
from computational reasons. Contextual utility’teely unique and distinguishing feature is
that it arrives at contextual heteroscedasticitynbgrrogating the logic of the relationship
between MRA and SMRA in latent variable models, nathan a computational logic (though
contextual utility has some empirical psychologigadunding as well). It is surprising and
interesting that similar (though by no means id=t}iforms of pair heteroscedasticity can be the

conclusion of such different theoretical approadbease issue of stochastic choice under risk.

6. An empirical comparison of contextual utilitydaome competitors

The question naturally arises: Which stochastidehovhen combined with EU or RDU,
actually explains and predicts binary choice undsrbest? To answer this question, we need a
suitable data set. Strong utility and contextudityiare simple reparameterizations of one
another for any oneontext. Therefore, data from any experiment winereubject makes
choices from pairs on several distinct contextg. (leoomes and Sugden 1998) are not suitable.
The experiment of Hey and Orme (1994), hereaftey id®uitable since all subjects make
choices from pairs on four distinct contexts.

The HO experiment has another desirable desigarethat is uniqguamong experiments
with multiple contexts: The same pairs of prob&piiistributions are used to construct the
lottery pairs on all four of its contexts. Therefpwhen models fail to explain choices across
multiple contexts in the HO data, we cannot attelthis to other differences in lottery pairs
across contexts: The failure must be due to theetrsogeneralizability across contexts.

The HO experiment builds lotteries from four edyiapaced non-negative outcomes

including zero, in increments of 10 UK pounds. itgft‘1” represent 10 UK pounds, the
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experiment uses the outcome vector (0,1,2,3). Bxane-fourth of observed lottery choices in
the HO data are choices from pairs on each ofdhegossible three-outcome contexts from this
vector. In keeping with past notation, these faumtexts are denoted loyl[ {40,-1,-2,-3},
where-0 = (1,2,3),-1 = (0,2,3),-2 = (0,1,3) and-3 = (0,1,2).

HO estimate a variety of structures combined witbng utility, and do this individually—
that is, they estimate each structure separatelgaoh subject. Additionally, for all structures

that specify a utility function on outcome&), HO take a nonparametric approach to the utility
function. Lettingu; =u"(z ) HO setu; = 0 andA = 1, and estimate,', u; andu; directly,

allowing the utility functioru(z) to take on arbitrary shapes across the outcomiené,1,2,3).

(The form of strong utility models and the affimartsformation properties afz) imply that just

three of the five parameteds ug, u;', u; andu; are identified.) HO found that estimated

utility functions overwhelmingly fall into two class: Concave utility functions, and inflected
utility functions that are concave over the con{@x1,2) but convex over the context (1,2,3).
The latter class accounts for thirty to forty pertoef subjects (depending on the structure
estimated). Because of this, | follow HO in avoglesimple parametric functional form such as
CARA or CRRA that forces concavity or convexity @ss the entire outcome vector (0,1,2,3),

instead adopting their nonparametric treatmentibfyufunctions in strong, strict and contextual

utility models. However, | will instead sef = 0 andu, = 1, and estimat@, u; andu,.

To account for heterogeneity of subject behavipgrt company with HO’s individual
estimation and use a random parameters approaeistioration, as done by Loomes, Moffatt
and Sugden (2002) and Moffatt (2005). Individualneation does avoid distributional
assumptions made by random parameters methodseant well-behaved at HO’s sample

sizes when we confine attention to “in-sample” cangons of model fit, as HO did. However,

24



Monte Carlo analysis shows that with finite sampethe HO size, comparisons of the out-of-
sample predictive performance of stochastic mockatsbe extremely misleading with individual
estimation and prediction (Wilcox 2007b). | wanttddress both the in-sample fit and out-of-
sample predictive performance of models, so tlsigasnatters here. Proper accounting for
heterogeneity is crucial when comparing structaratiels of discrete choice under risk (Wilcox
2007a). With both of these issues in mind, | chapsendom parameters estimation apprdach.
The HO experiment allowed subjects to expressfarénce between lotteries. HO model

this with an added “threshold of discrimination’rgaeter within a strong utility model. An

alternative parameter-free approach, and the taideelhere, treats indifference in a manner

suggested by decision theory, where the indiffezgetationS . ~" T, is defined as the

intersection of two weak preference relations,i%,._"T.. nT.._"S__.” This suggests treating

indifference responses as two responses in thighidael function—one o0y, being chosen
from mc, and another of,c being chosen frormc—but dividing that total log likelihood by two
since it is really based on just one independesendation. Formally, the definite choiceSa

addsIn(P,. )to the total log likelihood; the definite choickTe,. addsIn(1- P, )to that total;
and indifference addgn(P,.) +In(1-P,.)] /® that total. See also Papke and Wooldridge

(1996) and Andersen et al. (2007) for related figstions of this approact.

The random preference modd$o appears in both contemporary experimental and

theoretical work on stochastic discrete choice und& (Loomes and Sugden 1995, 1998;

Carbone 1997; Loomes, Moffatt and Sugden 2002; @dilResendorfer 2006). Econometrically,

13 This does cost some extra parameters—eight forallU specifications, and 11 in all for RDU spégations.
This allows for salient covariation of risk and gigton parameters in the sampled population. My opinion is
that guarding against aggregation biases is weallhathis cost, especially in a large data set ik with 12000
observations. See Appendix C and Wilcox (2007aji&iails of the specifications.

14 Note that indifference responses are rare ovierttie HO data (about 2.7% of all responses) aatitttese are
concentrated amongst a relatively small numbeubjexts.
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the random preference model views stochastic clas@ising from randomness of structural

parameters. We think of each agerats having an urn filled with structural parametectors

" . Following Carbone (1997) for instance, we maywget 0 andu; = 1 and think of EU with
random preferences as a situation whéte (u;,u;), with u; > 1 andu; >u;. Each agent
has an urn filled with such utility vecto(s,,u;) . At each trial of any painc, an agent draws
one of these vectors from her urn (with replaceinamd uses it to calculate bo#(S,.. | 8")
andV (T, | ") without error, choosingn. iff V (S, |8") 2V (T, |B"). Let F5(x|a") be the

joint c.d.f. of # in agent’s “random preference urn,” conditioned on somemea" of

parameters determining the shape of the distribufip. Then under random preferences,

Pr = PV (Sy [ 87) -V (T, | 8) 2 O] Fy(x | a")). (6.1)

Loomes, Moffatt and Sugden (2002) show how to $peciandom preferences RDU model
for pairs on a single context. However, specifmatf a random preference RDU model across
multiple contexts is more difficult. Building botin Loomes, Moffatt and Sugden and certain
insights of Carbone (1997), Appendix B shows how thay be done for the three contexs
-2 and-3, but also shows why further extending randomegsesfces to cover the other context
-1 is not a transparent exercise for the RDU strecttor this reason, | confine all of my
estimations to choices in the HO data on the castdx -2 and-3, where a random preference
RDU model can clearly be compared to strong, samct contextual utility RDU models.

Appendix C illustrates the random parameters $ipation and estimation in detail for the
EU structure with strong utility; see Wilcox (20Q7ar detailed exposition of all specifications
and their estimation. | perform two different kinoflscomparisons of model fit. The first kind

(very common in this literature) are “in-sampleditmparisons.” Models are estimated on all
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three of the HO contexts@, -2 and-3) and the resulting log likelihoods for each maalgioss
all three contexts are compared.

The second kind of comparison, which is rare ig literature, compares the “out-of-sample”
fit of models—that is, their predictive performariéé&or these comparisons, models are
estimated on just the two HO contex&and-3, that is contexts (0,1,3) and (0,1,2), and these
estimates are used to predict choice probabiliescalculate log likelihoods of observed
choices on HO contex{0, that is context (1,2,3). This is something ntben a simple out-of-
sample prediction, which could simply be a predictio new choice trials of the same pairs (and
hence contexts) used for estimation: It is addétilyran “out-of-context” predictioh®

This particular kind of out-of-sample fit compamismay be quite difficult in the HO data.
Relatively safe choices are the norm in conte2tand-3 of the HO data: The mean proportion
of safe choices made by HO subjects in these ctmig®.764, and at the individual level this
proportion exceeds %2 for seventy of the eightyesttisj But relatively risky choices are the norm
in context-0 of the HO data: The mean proportion of safe a@®tbere is just 0.379, and falls
short of % for fifty-eight of the eighty subjecRecall that we cannot attribute this to differences
in the probability vectors that make up the lotteayrs in the different HO contexts, since the
HO experiment holds this constant across conté&kis. out-of-sample prediction task is going to
be difficult: From largely safe choices in the fesdtion contexts™-2 and-3, the models need to

predict largely risky choices in the “predictiomnt¢ext” —0.

!> The HO design presents the same 100 pairs (2adnaf its four contexts) to a fixed group of swtgeon two
separate days. This is a panel of subjects witlati@n in pairs, contexts and days. Any such panald be divided
up into a “sample” for estimation, and remainingt‘of-sample” observations for predictive evaluatim different
ways. For instance one might divide it up by itsdidimension, estimating with one day's choiced, then trying
to predict choices made on the other day. Sincénieyest lies with the different way in which thechastic
models treat choices across contexts, | chooswittedhe panel up across its context, rather thraa, dimension.
% This is exactly Busemeyer and Wang’s (2000) disitim between “cross-validation” and “generalizatio
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Table 1 displays both the in-sample and out-offarog likelihoods for the eight models.
The top four rows are EU models, and the bottonn fows are RDU models; for each structure,
the four rows show results for strong utility, stuitility, contextual utility and random
preferences. The first column shows total in-sangudikelihoods, and the second column
shows total out-of-sample log likelihoods. Contextutility always produces the highest log
likelihood, whether it is combined with EU or RDahd whether we look at in-sample or out-of-
sample log likelihoods (though the log likelihoadivantage of contextual utility is most
pronounced in the out-of-sample comparisons). Barsaland Zilberman (2000) and Loomes,
Moffatt and Sugden (2002) point out that the beasiti§ stochastic model may depend on the
structure estimated and offer empirical illustrai@f this sensible econometric point. Yet in
Table 1 contextual utility is the best stochastmdel whether viewed from the perspective of
EU or RDU, or from the perspective of in-sampl@ot-of-sample fit.

Decision theory has been relatively dominatedthyctural theory innovation over the last
quarter century. Table 1 has something to say ah@itExamine the in-sample fit column first.
Holding stochastic models constant, the maximuniikedihood improvement of switching
from EU to RDU is 142.02 (with strict utility), artle improvement is 106.64 for the best-fitting
stochastic model (contextual utility). Holding sttures constant instead, the maximum
improvement in log likelihood associated with chiagghe stochastic model is 151.48 (with the
EU structure, switching from strict to contextuélity), but this is atypical: Omitting strict
utility models, which have an unusually poor in-gderfit, the maximum improvement is 51.28
(with the EU structure, switching from strong tantextual utility) and otherwise no more than

half that. Therefore, except for the especiallynmidct utility fits, in-sample comparisomsake

choice of a stochastic model appear to be a sidestlative to choice of a structure.
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This appearance is reversgten we look at out-of-sample predictive powayoking now

at the out-of-sample fit column, notice first thatder strict utility, RDU actually fits worgban

EU does. We should be getting the impression by, imwever, that strict utility is an unusually
poor performer, so let us henceforth omit it froomsideration. Among the remaining three
stochastic models, the maximum out-of-sample fnowvement associated with switching from
EU to RDU is 21.19 (for contextual utility). Holdirstructures constant instead, the maximum
out-of-sample fit difference between the stochasinclels (again omitting strict utility) is 113.39
(for RDU, switching from strong to contextual ug. In out-of-sample prediction, then,
structures play Rosencrantz and Guildenstern tgtthehastic model Hamlet. Decision research
seems heavily preoccupied with explanation. Beséresults suggest that those who have more
interest in prediction may want to think more abstochastic models, as repeated urged by Hey
(Hey and Orme 1994; Hey 2001; Hey 2005) and sugddst Ballinger and Wilcox (1997).

Table 2 reports a formal comparison of stochamtidels, conditional on each structure. Let
D" be the difference between the estimated log hikkelds (in-sample or out-of-sample) from a
pair of models, for subject Vuong (1989) shows that asymptotically-score based on the"

follows a normal distribution under the null thatnon-nested models are equally close to the

truth (neither model needs to be the true modéiy Jtatisticig = | D" /(5,v/N), whereg,

is the sample standard deviation of D& across subjects (calculated without adjustment for a
degree of freedom) aridlis the number of subjects. Table 2 reports thestatistics ang-

values against the null of equally good fit, witbrae-tailed alternative that the directionally
better fit is significantly better. While contextudility is always directionally better than its
competitors, no convincingly significant orderinigtlee stochastic models emerges from the in-

sample comparisons shown in the left half of Tépl#hough strict utility is clearly significantly
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worse than the other three stochastic models. &ateutility shines, though, in the out-of-
sample fit comparisons in the right half of Tablegyardless of whether the structure is EU or

RDU, where it beats the other three stochastic tsagi¢h strong significance.

7. Conclusions

While most of the scholarly conversation aboutiglen under risk concerns its structure,
there is resurgent interest in the stochasticqfadecision under risk. This has been driven both
by theoretical questions and empirical findingsedietically, some or all of what passes for “an
anomaly” relative to some structure (usually EU) sametimes be attributed to stochastic
models rather than the structure in question (Wi2007a). This is an old point, stretching back
at least to Becker, DeGroot and Marschak’s (19633 Pobservation that violations of
betweenness are precluded by some stochastic nemsidcU (random preferences) but
predicted by other stochastic versions of EU (gratility). But this general concern has been
resurrected by many writers; Loomes (2005), GulResendorfer (2006) and Blavatskyy (2007)
are just three relatively recent (but very diffajeaxamples. Empirically, we know from a (now
quite large) body of experimental evidence on tatdmbilities that the stochastic part of
decision under risk is surprisingly large. Additady, a “new structural econometrics” has
emerged over the last decade in which structukesHU, RDU and CPT are combined with
some stochastic model for the purpose of estimatingctural risk parameters.

| have interrogated the empirical meaning of $tiad parameters in econometric models of
risky choice. | find that in strong and strict ityilmodels, structural parameters meant to
represent the degree of risk aversion in PratB$4) sense cannot order agents according to a

theoretically attractive definition of the relatitstochastically more risk averse” across all
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choice contexts. | conclude that strong and sutitity are deeply troubled for the econometrics
of discrete choice under risk. Contextual utilityrenates this trouble without introducing extra
parameters. In the Hey and Orme (1994) data sah-gample explanatory performance exceeds
that of strong and strict utility models and thedam preference model; and its out-of-sample
predictive performance is significantly the bestho$ particular collection of stochastic models.

| regard stochastic choice as the oldest and mbsist factof choice under risk, and believe

that serious interpretive errors can occur whernrttpications of stochastic choice models are
ignored. | have shown that when choice is stoctaatglobally coherent notion of greater risk
aversion necessarily implies the existence of sedantext effects. Decision research views
some contextual labilities of choice as failuresationality. Surely some are, but not all are:
Some may be the prosaic consequence of a sensibleastic model that makes global sense of
SMRA. For instance, the Myers effect (Myers and 8ati®60) appears to be a reversal of
preferences caused by a change in a standard @lac@mon. Busemeyer and Townsend (1993)
explain why the Myers effect may be no more (os)eékan contextual heteroscedasticity.
Contextual utility also has implications for “stigth of incentives” in experiments and more
generally any mechanism. If contextual utility @m@ct, the marginal utility difference between
taking risky actions X and Y is only part of whatvgrns the strength of perceived incentives:
The other important part is the subjective rangawvailable utilities. This implies that scaling up
outcomes may be a relatively ineffective meandrehgthening incentives. If we can instead
redesign an experiment or mechanism to shrinkubgestive range of available utilities, while
holding marginal utility improvements constant lre neighborhood of a maximum, this may be

a more effective way of strengthening subjectiveropzation incentives.
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Appendix A: Stochastic Transitivity Properties afr@extual Utility

Definitions Let {C,D,E} be any triple of lotteries generating the pai&DR}, { D,E} and {C,E}:

In a basic tripleall three pairs are basic pairs. A heteroscedldtiifference latent variable

modelis P;; = F[A(V -V;)/ 0 ], whereP,; is the probability tha$ is chosen from pair§T},

V; =V (S| p) is the structural valué of any lotteryS , and o, is a noise component specific to
pair {S,T}. (Suppress structural parametgdut assume they are fixed, so the discussion is
about an individual agent.) L&t; andV, denote the value of degenerate lotteries thatipay
minimum and maximum outcomes in lott&with certainty, respectively. In basic triplese th

intervals[V . ,V.], [V.V,] and[V ¢,V.] must overlap (if not, the outcome ranges of two
lotteries in the triple would be disjoint and theguld form an FOSD pair). From (5.1, is
the utility range in pair§,T}, that is max{/,,V;)-min(V¢,V,), in the contextual utility model.

I make use of Halff’'s Theorelfidalff 1976): Any heteroscedasidifference latent variable

model in which pair-specific noise components obey the triangle inequality across triples of

pairs will satisfy moderate stochastic transiti(it§ST).

Proposition Contextual utility obeys MST, but not strong stastic transitivity (SST), in all
basic triples. (Remark: This only rules out tripleth glaringly transparent FOSD pairs where
all outcomes in one lottery exceed all outcomeaniother lottery. See (4.2) for a treatment of

FOSD pairs using trembles.
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Proof The utility range in a pair cannot be less tHamntility range in either of its component
lotteries, sog, =V, -V and oy, =V, -V .: Sum to geto, + g, =V, -V +V. -V .. Since
{C,D,E} is a basic triple[V .,V.] and[V ¢,V.] overlap. Therefore, the utility range in pair
{C,E} cannot exceed the sum of the utility ranges ®timponent lotterieS andE: That is,
O <V, -V +V; -V .. Combining the last two inequalities, we hawg, + . = g, , which
is the triangle inequality. By Halff's Theorem, ¢extual utility obeys MST for all basic triples.
An example suffices to show that contextual ytitian violate SST in basic triples. Consider
an expected value maximizer. Assume dD andE have outcome ranges [0,200], [100,300]
and [100,400], respectively, and expected valu@s 160 and 150, respectively. The latent
variable in contextual utility is the ratio of aips V-difference to the pair’'s range of possible
utilities. In this example, these ratios are 2/80pair {C,D}, 10/300 in pair ,E}, and 12/400
=9/300 in pair £,E}. All are positive, implying that all choice probiities (of the first lottery
in each pair) exceed 0.5. But the probability thas chosen oveE will be less than the
probability thatD is chosen ove, since the latent variable in the former pair (@8is less

than the latent variable in the latter pair (10)3dthis violates SST.
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Appendix B: Random Preference RDU Across Multiplentéats

Using insights of Carbone (1997), | generalizerbes, Moffatt and Sugden’s (2002)
technique for single contexts. Like Loomes, Moftattl Sugden, assume that weighting function
parameters are nonstochastic, that is, that thestnlctural parameters that vary in a subject’s

“random preference urn” are her outcome utilitttembining (1.3) and (6.1), we have
P" = pr( iilwmi (y"u"(z.) = 0| Fu(x|a”)), where
WM =l s 17wl s bl Lt el 1), (B.1)
SinceW_,(y") = -W_,(y")-W_,(y") , and assuming strict monotonicity of utility intoames so
that we may divide the inequality within (B.1) tigh byu"(z,.) -u"(z,.), we have
Pr. = PrfWo, (/") +Wos (/)IV; 11 2 OIF, (x| @), where
Ve =[U"(2Zg) U™ (221U (256) U™ ()]
Wino (V") = W(Spz ¥ S [ 17) = W(Sg [ 17) = [W(ty, + 8 | 17) —W(t,s [ ¥")], and
Woa (") = WSz | )7) — Wt [ ") - (B.2)
Notice that we can view random preferences as bas@dcontext-dependent ratio of differences
transformation of utility, namely_, as is the case with contextual utility (thougeé thtio of
differences is not the same in the two models) deanpreference models will, therefore, also
display context dependence. Unlike contextualtytihowever,v! [1is a random variable,
containing all choice-relevant stochastic inforraatabout the agent’s random utility function

u"(z) for choices on context Let G, (x| a;) be the context-specific c.d.f. #f , generated by

the joint distributionF, (x| a") of ageni’s random utility vector. Sincé,; —s,, > @ basic
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pairs, we havaV, (") = w(t . | /") - w(s, | ¥") > 0 for basic pairs! Rewriting (B.2) to make
the change of random variables suggested aboveiexpk then have

P = P < Wiy (V") +Wog (V)] /Wois (") [ G (X [ 1)), OF

P =G, W(Sp, + Spg |Vn )~ W(t,, +tr:ns /") la' . (B.3)
W(tng | /") = W(Sms | /")

With equation (B.3) we have arrived where LoonMsffatt and Sugden (2002) left things.

Choosing some c.d.f. on® for G, such as the Lognormal or Gamma distribution, tranton

vc !

of a likelihood function from (B.3) and choice d&astraightforward for one conteand this is

the kind of experimental data Loomes, Moffatt andgdan had. But when contexts vary in a data
set, the method quickly becomes intractable exioespecial cases. | now work out one such
special case. By choosing the utilities of the tawwest outcomes equal to zero and one,

respectively, the random utility vector for the famutcomes (0,1,2,3) may be summarized by a

random utility vector for just the two highest ouitiees, that is the random veci@,,u;), where
u; >1andu;> u;. Letg;=u;-1 1 andg; = u;-u; L1 be two underlying random
variables generating these random utilitiesias 1+g, andu; = 1+g, +g;. A little algebra
shows thaw”, = g;', v%, =g, +9;, v}, =g,/(g; +1), andVv’, =g, /9, .

With the fourv; (for the four contexts) expressed this way, wetvegjaint distribution of

g, andg, so that as many of these as possible have tragtabhmetric distributions. The best
choice | am aware of still only works for threetloése four expressions. That choice is two
independent gamma variates, each with the gamnrébdison’s c.d.f.G(x|¢ ), with identical

“scale parameterk” but possibly different “shape” parametegsand ¢, . Under this choice,

" FOSD pair choice probabilities are modeled ashteravents, as in (4.1) and Loomes, Moffatt anddguag
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Gamma with c.d.fG(x |¢,« fbr pairs on context =-3 ,
v, is distributed... Gamma with c.d.f5(x|¢ +¢,,« for pairs on context =-2, (B.4)

Beta-prime with ¢.d.fB'(x | ¢,,¢ Jor pairs on context =-0 .
The “beta-prime” distribution on is also called a “beta distribution of the sec&imal”

(Aitchison 1963): These assumptions imply a joint distributionudf- arddu; -1 known as

“McKay’s bivariate gamma distribution” and a cortéa coefficient\/¢' /(¢" +¢,) between

u, andu; in subjectn’s “random preference urn” (Hutchinson and Lai 1990

An acquaintance with the literature on estimabbrandom utility models may make these
assumptions seem very special and unnecessary.vdoweeories of choice under risk are
special relative to the kinds of preferences thaically get treated in that literature. Consider
the classic example of transportation choice wetivn from Domencich and McFadden (1975).
Certainly we expect the value of time and monelyd@orrelated across the population of
commuters. But for a single commuter making a ahbietween car and bus on a specific
morning, we do not require a specific relationdtgpween the disutility of commuting time and
the marginal utility of income she happens to “drénom her random utility urn on that
particular morning. This gives us some latitude mhe choose a distribution for the
unobserved parts of her utilities of various comngilternatives.

We have much less of this latitude when we thihkandom preferences over lottery pairs.
The spirit of random preferences is that everygyesfce ordering drawn from the urn obeys all

properties of the preference structure (LoomesSargtlen 1995). We demand, for instance, that

'8 The ratio relationship here is a generalizatiothefwell-known fact that the ratio of independeitsquare
variates follows an F distribution. Chi-square &g are gamma variates with common scale parametér In
fact, a beta-prime variate can be transformedant& variate: Ik is a beta-prime variate with parametgiandb,
thenbx/a is an F variate with degrees of freedoameRd d. This is convenient because almost all statistidvare
packages contain thorough call routines for F t@siabut not necessarily any call routines for ipeiae variates.
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every vector of outcome utilities drawn from the vespects monotonicity n this implies that

the joint distribution ofu; andu; must have the property that = u; =1. Moreover, the
assumptions we make about tfemust be probabilistically consistent across paitexts.
Choosing a joint distribution af; andu; immediately implies exact commitments regarding

the distribution of any and all functions of andu;. The issue does not arise in a data set
where subjects make choices from pairs on justtoné&xt, as in Loomes, Moffatt and Sugden
(2002): In this simplest of cases, attigtribution ofv, on , including the Lognormal choice
they make, is a wholly legitimate hypothesis. Bsisaon as each subject makes choices from
pairs on several different overlapping contextsdman preferences are much more exacting.

Unless we can specify a joint distribution@f and g, that implies it, we are n@ntitled (for
instance) to assume thelt follows Lognormal distributions in all of three eNapping contexts
for a single subject. Put differently, our choice of a joint distributidor v", andv", has

inescapable implications for the distribution\df. Carbone (1997) correctly saw this in her
random preference treatment of the EU structureledthese circumstances, a clever choice of
the joint distribution ofg,’ and g, is necessary.

The random preference model can be quite limitingractical applications. For instance,
notice that | have not specified a distributiornvgf and hence have no method for applying
equation (B.3) to pairs on the context (0,2,3)lyralquarter of the data from experiments such
as Hey and Orme (1994) are on that context. Ordheext-1 = (0,2,3),v",=g5 /(1+4g; ).

As far as | am aware, the following is a true stagnat, though | may yet see it disproved.

19 Although ratios of lognormal variates are lognokrttaere is no similar simple parametric family fams of
lognormal variates. The independent gammas withncomscale are the only workable choice | am awhre o
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Conjecture There is no nondegenerate joint distributiorgpfand g; on ( )? such that

gy, 07 +05, 9,/(9; +1) and g, /g, all have tractable parametric distributions.
This is why | limit myself here to the three-fowstbf these data sets that are choices from pairs
on the contexts (0,1,2), (0,1,3) and (1,2,3): Tresethe contexts that the “independent gamma
model” of random preferences developed above cappked to. There are no similar practical
modeling constraints on RDU strict, strong or catial utility models (a considerable practical
point in their favor); these models are easily ggapto choices on any context. Note, however,
that Loomes, Moffat and Sugden’s (2002) techniquédcbe sidestepped by (say) simulated

maximum likelihood techniques.
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Appendix C: Estimation—an EU and Strong UtilityuBkration

Though the Hey and Orme (1994) experiment contatnSOSD pairs, Moffatt and Peters
(2001) found evidence of nonzero tremble probaeditsing it, so | include a tremble

probability in all models. However, using Hey’s (A0 still larger data set, | find no evidence
that tremble probabilities vary across subjecteréfore, | assume that"= w for all subjects
n, so that likelihood functions are built from thepabilitiesP;. = - w)P,;. + w/2.

Let (EU,Strong) denote an expected utility stroetwith the strong utility stochastic model
in which ¢" = (uy,u;,A",w) is subject’s true parameter vector governing her choices from

pairs. LetJ (¢ | €) denote the joint c.d.f. governing the distributafny = (u,,u,, A,w) in the

sampled population, wher are parameters governing the shape and locatidn bét " be

the true value ofé in that population. We want an estim#&ef 6 : This is random parameters
estimation. We need a procedure for choosing anadde and tractable form far that appears

to characterize main features of the joint distiitouof ¢ in the sample. What follows illustrates
this procedure for the (EU,Strong) specificatioae $Vilcox (2007a) for a more elaborated
description of the procedure and exact detaildl@lpecifications estimated here.
Suppressing the subject indexhe (EU,Strong) specification is, at the indiatlievel,
Pre = = )AL(Ss = to)Uie *+ (S = b )lze + (S~ ta)Ue])+ /2, (C.1)
where A(x) = [1+ expEx)] ™ is the Logistic c.d.f. (consistently employed las functionH(x) for

the strong, strict and contextual utility modeByuation C.1 introduces the notatiop =u(z,, ).

In terms of the underlying utility parametarsand u, of a subject(u,,,u,.,uU;. )is @u,,u;) for
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pairs on context =-0 = (1,2,3) , (OLu, )for pairs on context =-2 = (0,1,3) ; and(OLu, Jor

pairs on context =-3 = (0,1,2) .

Begin with_individual estimatioof a simplified version of (C.1), using sixty-etghf HO’s

eighty subjectg’ This initial estimation gives an impression of fbem of the joint distribution

of ¢, and howlJ (¢ | ) may be chosen to represent it. At this initiapst is not estimated,
but is instead set equal to 0.04 in (C.1) for abjscts>* (Estimation ofw is undertaken later in
the random parameters estimation.) The log likelchfunction for subjeat, in terms ofP, . in
(C.1) withw =0.04 , is

LL (U Uz A) = Yoo IN(Pe) + (L= Yoo ) IN(L=Pye) - (C.2)

n

Maximizing this inu,, u,andA yields initial estimateg" = (U, , U ,A" 004 jor each

subject. Figure 8 graphin(u; - DIn(U; -1 and In(/T”) against their first principal
component, which accounts for about 69 percertieif tollective varianc& The figure also
shows regression lines on the first principal congr. The Pearson correlation between
In(U; -1) andIn(u, -1) is fairly high (0.848), and since these are edéaontaining some

pure sampling error, it appears that an assumpfiperfect correlation between them in the

underlying population may be roughly correct. Thhere, | make this assumption about the joint

distribution of¢ in the population. WhiI¢n(A~”) appears to share some variance Wi - 1

2 There are twelve subjects in the HO data with dewo choices of the riskier lottery in any paihely can
ultimately be included in random parameters estomat but at this initial stage of individual eséition it is either
not useful (due to poor identification) or simplgtipossible to estimate models for these subjects.

2L Estimation ofwis a nuisance at the individual level. Tremblesrare enough that individual estimatesuaire
typically zero for individuals. Even when estimaé@s nonzero, the addition of an extra parametestionate
increases the noisiness of the remaining estingaigdides the pattern of variance and covariantieese
parameters that we wish to see at this step.

“2Two hugely obvious outliers have been removed#ih the principal components extraction and tlaglyr
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andIn(U; -1) (Pearson correlations 60.22 and-0.45, respectively), it obviously either has

independent variance of its own or is estimatedt watatively low precision.

These observations suggest that the joint digtabu (¢ | 8) of ¢ = (u,,u;,A,w) can be
characterized as generated by two independentathndrmal deviates, andx,, as follows:
u,(x,,8) =1+exp@, +b,x,), us(x,,0) =1+exp@, +bx,),
A(X,,X,,8) =exp@, +b,x, +c,x,) andw a constant,
where(6,w) = (a,,b,,a;,b;,a,,b,,c,,w )are parameters to be estimated. (C.3)
Then the (EU,Strong) model, conditionalxanx, and (4, w) , becomes
P..(X,,X,,0,w) =
L= )N, %3, O) (St = Lo )Ue + (Smp — ta )l + (Sms — ts)Use]) + @/ 2, where
u, =1if ¢ =-0, u, = O otherwiseu,, = u,(x,,d) if c =-0, u,, =1 otherwise, and
Ug = U,(X,,8) If ¢ ==3, uy, = uy(x,,8) otherwise. (C.4)
This implies the following random parameters Idglihood function in(8,w) :

@)= In{ ([]o.Poe (50,8, 0)F [L-Poc(, 5, 8,00 HO(x)dD (k). (C.5)
where® is the standard normal c.d.f. eéfd(x,,x,,6,w is)as shown in (C.4Y The regression
lines in Figure 8 provide starting values for maimg (C.5). That is, initial estimates of the
andb coefficients ind are the intercepts and slopes from the lineaessipns ofin(u, - 1)

In(uy -1 andln(ﬁ”) on their first principal component; and the roaan squared error of the

regression oin(ﬁ”) on the first principal component provides an aligstimate ot .

% such integrations must be performed numericallsoime manner for estimation. | use gauss-hermaemiures,
which are practical up to two or three integrads;iftegrals of higher dimension, simulated maximikelihood is
usually more practical. Judd (1998) and Train (3G@08 good sources for these methods.
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Table 3 shows the results of maximizing (C.5)éhw) . These estimates produce the log
likelihood in the first column of the top row of Ble 1. Note that Wherevels}2 # 63, very large
(or small) values of the underlying standard nord®liatex, imply a violation of monotonicity
(that isu, > u,). Rather than imposinb, = b, as a constraint on the estimations, | impose the
weaker constrair‘{(a2 —-a,) /(b - b2)| > 4.2649, making the estimated population fraction of such

violations no larger than 10 This constraint does not bind for the estimatem in Table 3.
Generally, it rarely binds, and is never closeigmificantly binding, for any of the strong, strict
or contextual utility estimations done here.

Recall that the nonparametric treatment of utdityids a fixed risk attitude across the
outcome vector (0,1,2,3), as would be implied Ipaeametric form such as CARA or CRRA
utility. The estimates shown in Table 3 imply a plapion in which about sixty-eight percent of
subjects have a weakly concave utility functiorthvihe remaining thirty-two percent have an
inflected “concave then convex” utility functioripsely resembling Hey and Orme’s (1994)
individual estimation results. That is, the randoamameters estimation used here produces
utility function heterogeneity much like that sugtezl by individual estimation.

A very similar procedure was used to select atichate random parameters

characterizations of heterogeneity for all modakswith the detailed example of the

(EU,Strong) specification, all specifications wittility parameterss; andu; (strong, strict or
contextual utility specifications) yield quite higtearson correlations betweknu, - abd
In(u3' -1) across subjects, and heavy loadings of theserpfincipal components of estimated

parameter vectorg" . Therefore, the population distributionsf= (u,,us, A, y,@ (strong,

strict and contextual utility models, wih=1for EU) are in all cases modeled as having a
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perfect correlation betwedn(u; - #ndIn(u; -1), generated by an underlying standard

normal deviate,.

Similarly, individual estimations of random preface models wherg = (¢4, %,.K,),w )

(y =1for EU) yield high Pearson correlations betwéeﬁo;”) and In(@”) across subjects, and
heavy loadings of these on first principal compdsef estimated parameter vectgrs. So
joint distributions ofy = (¢, ¢,,k,y,w )are assumed to have a perfect correlation between
In(g') andIn(g; )in the population, generated by an underlyingdsiath normal deviate,.

In all cases, all other model parameters are ctenaed as possibly partaking of some of the
variance represented by a normally distributed firsxciple component, (in strong, strict or
contextual utility specifications) o, (in random preference specifications), but alsartga
independent variance represented by an indepestirdard normal variate, as with the
example ofA in the (EU,Strong) specification as shown in (C.3)

For EU specifications, a likelihood function lik€.5) is maximized. RDU specifications add
a third integration since these models allow falejpendent variance jn (the Prelec weighting
function parameter) through the addition of a tistahdard normal variatg. Integrations are
carried out by gauss-hermite quadrature. In akgastarting values for these numerical
maximizations are computed in the manner descifideetthe (EU,Strong) model: Parameters in
¢" are regressed on their first principle componand the intercepts and slopes of these
regressions are the starting values foratladb coefficients in the models, while the root mean
squared errors of these regressions are the gtasloes for the coefficients found in the

equations ford, k and/ory.
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Table 1. Log likelihoods of random parameters attara&zations of the models in the Hey and Orme samp

D

Estimated on all three Estimated on contexts
contexts (0,1,2) and (0,1,3)
Log Likelihood Log likelihood
Structure Stochastic Model | on all three context§  on context (1,2,3)
(in-sample fit) (out-of-sample fit)
Strong Utility -5311.44 -2409.38
EU Strict Utility -5448.50 -2373.12
Contextual Utility -5297.08 -2302.55
Random Preferenceg -5348.36 -2356.60
Strong Utility -5207.81 -2394.75
RDU Strict Utility -5306.48 -2450.41
Contextual Utility -5190.43 -2281.36
Random Preferenceg -5218.00 -2335.55
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Table 2. Vuong (1989) non-nested tests between hpadts,
by structure, stochastic model and in-sample vesstif-sample fit.

EU Structure

Estimated on all three contexts, and comparing
on all three contexts (in-sample fit comparison

fit Estimated on contexts (0,1,2) and (0,1,3), ang
comparing fit on context (1,2,3) (out-of-sample fijt

comparison)
Random Strong Strict Random Strong Strict
Prefs. Utility Utility Prefs. Utility Utility
Contextual| z=1.723 | z=0.703 | z=6.067 | Contextual| z=4.387 | z=3.044 | z=2.739
Utility p=0.042 | p=0.241| p<0.0001| Utility p <0.0001| p=0.0012| p =0.0031
Random [ 1| z=-1574| z=5.419 | Random [ 1| z=1.639 | z=1.422
Prefs. p=0.058 | p<0.0001 Prefs. p=0.051| p=0.078
Strong 1 [ 1| z=5.961 Strong 1 1| z=0.028
Utility p <0.0001| Utility p=0.49

RDU Structure

Estimated on all three contexts, and comparing
on all three contexts (in-sample fit comparison

fit Estimated on contexts (0,1,2) and (0,1,3), ang
comparing fit on context (1,2,3) (out-of-sample fjt

comparison)

Random Strong Strict Random Strong Strict

Prefs. Utility Utility Prefs. Utility Utility
Contextual| z=0.981 | z=0.877 | z=4.352 | Contextual| z=3.879 | z=3.304 | z=5.978
Utility p=0.163 | p=0.190 | p<0.0001| Utility p <0.0001| p =0.0005| p <0.0001
Random [ 1| z=-0.44 | z=3.808 | Random [ 1| z=1652 | z=3.831
Prefs. p=0.330 | p<0.0001 Prefs. p=0.049 | p<0.0001
Strong 1 [ 1| z=5.973 Strong 1 1| z=3.918
Utility p <0.0001| Utility p < 0.0001

Notes: Positivea means the row stochastic model fits better tharcthumn stochastic model.

51



Table 3. Random parameters estimates of the (Ebh@tmodel, using choice data from
the contexts (0,1,2), (0,1,3) and (1,2,3) of thg Hied Orme (1994) sample.

Structural and stochastigDistributional | Initial Final Asymptotic Asymptotic
: . standard g
parameter models parameter | estimatel estimate arror t-statistic
u, =1+exp@, +b,x,) a -1.2 -1.28 0.0411 -31.0
b, 0.57 0.514 0.0311 16.5
u, =1+exp@, +byx,) as -0.51 | -0.653 0.0329 -16.9
b3 0.63 0.657 0.0316 20.8
a 3.2 3.39 0.101 33.8
A =exp@, +b,x, tc;X;) b, -0.49 | -0.658 0.124 -5.32
Cx 0.66 0.584 0.0571 10.2
w constant w 0.04 | 0.0446 0.0105 4.26
Log likelihood =-5311.44

Notes:x, andx, are independent standard normal variates. Stamdeots are calculated using the “sandwich estim@®Wooldridge
2002) and treating all of each subject’s choicea simgle “super-observation,” that is, using degref freedom equal to the number
of subjects rather than the number of subjectsgithe number of choices made.
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Number of articles or citations

Figure 1. Articles with text references to risk aversion and substitutability relations, 1977-2001
(JSTOR Economics journals and selected Business journals) and Citations of Pratt (1964), 1977-

350

2006 (Science and Social Science Citation Indices).
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V-distance

Figure 2. Behavior of five CRRA EU V-differences using various transformations, with
homoscedastic precision: MPS pair 1 on context (0,50,100) from Hey (2001)
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Figure 3. Behavior of five CRRA EU V-differences using various transformations, with
homoscedastic precision: MPS pair 1 on context (50,100,150) from Hey (2001)
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utility and expected utility
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Figure 4. How agent heteroscedasticity might allow MRA to imply SMRA
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Figure 5. Relationship between risk aversion and precision in Hey (2001), CRRA EU estimation.
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utility
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Figure 6: SMRA-compatible CRRA Utility Functions, slope and height matched at z = 69.41 =

exp (4.24) (point estimate of a = 4.24)

58

p=1
p=05
0 =025
u(z)=e**z%1(1-p)
A
p=2 [
p=4
p =8
a)/ 0 100 150 200 250
69.41=
exp (4.24)
money z



EU Difference

Figure 7: Behavior of CRRA EU V -Differences using SMRA-Compatible transformation:
MPS pair 1 on the new context (100,150,200), at various values of a.
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Figure 8. Shared variance of initial individual parameter estimates
using the (EU,Strong) specification
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